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PREFACE. 



The present treatise was undertaken to supply a book for the 
course of instruction of the Junior Mathematical Class of Na- 
tural Philosophy in University College, London. Although 
there was no scarcity of treatises within nearly the same limits 
as the present, yet the author had to regret that the students 
who went forward into his Senior Mathematical Class, had to 
re-leam the subject in an entirely different manner, so that their 
previous reading of it was in a great measure lost to them. 

It has been the author's wish to supply a work which, whilst 
it presented to the less advanced student the more modem me- 
thod of treating mechanics, and taught him a general analytical 
method of solving the new problems he met with, as far as his 
mathematical attainments would reach, should, at the same time, 
be an advantageous foundation on which the superstructure of a 
more advanced study might be reared. 

Some experience in Professorial teaching leads the author 
to believe that he has succeeded to some extent in the object 
which he had in view; and he concludes that the book which 
will supply a desideratum in the Natural Philosophy course in 
his own lectures will be also acceptable to other teachers simi- 
larly situated. 

London, Jtf/y, 1846. 
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INTRODUCTION. 

Mechanical ScieneQ is that in which the laws of forces, and 
the effects they produce on bodies, are investigated. 

It is subdivided into four Sciences — Statics, Dynamics, 
Hydrostatics, and Hydrodynamics. 

In Statics the effects of forces on solid bodies at rest are 
examined. 

In Dynamics the effects when motion is produced. 

In Hydrostatics the effects of forces on fluid bodies at rest 
are considered. 

In Hydrodynamics the effects on fluid bodies when motion 
ensues. 

The mass of a body is the quantity of matter which it con- 
tains ; and matter is defined to be whatever possesses bulk and 
affords resistance to the occupation of the same portion of space 
by other matter. 

We are ignorant of the ultimate nature of matter, but we 
know that dense matter consists of atoms,* which have each their 
peculiar masses constant and unchangeable by any mechanical 
or chemical means within our reach. 

* See Dr. Daubeny on the Atomic Theory. 

B 



8 INTRODUCTION. 

The term iubtUe matter has been applied to the agents which 
cause the phenomena of electricity, heat^ &c. 

Though evidently closely connected with the deyelopment of 
forces^ we as yet only know some of the properties and laws 
of the effects of these agents upon dense matter. Whenever 
the term matter is used in mechanics^ it is understood to mean 
what is called above dense matter. The quantity of matter in a 
body is measured by its inaptitude to receive motion {inertia) 
when acted on by a given force ; and is proportional to tiie 
weight at the same place on the Earth's surface. So that a body 
of two, three^ &c. pounds weight contains twice, thrice^ &c. 
respectively the matter that a body of one pound does. 

We define force to be, whatever causes or tends to cause 
motion, or change of motion in bodies. We see force acting 
continually around us, and developed by various means, though 
we cannot trace it to its ultimate origin. We measure forces 
by their effects, and in statics they are often called pressures; 
being compared with the pressures produced by known weights, 
they can thus be expressed numerically. We speak, for in- 
stance, of a pressure of twelve ounces, of thirty pounds, of two 
tons, &c. &c., when the unit of measure is an ounce, a pound, 
or a ton respectively. 

In dynamics^ forces are measured in two different manners, 
according to the nature of the problem, — namely, in some cases 
by the velocity generated in a unit of time ; and in other cases 
by the momentum (or velocity multiplied into the mass of the 
body moved) generated in a unit of time. 

In statics J we continually represent forces by lines of definite 
lengths. A unit of length being taken to represent the unit 
of pressure, the length of the line represents the magnitude of 
the force ; its direction represents the direction of the force ; and 
the commencement or first extreme of the line, the point at 
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which the farce acts, ae its poioft of application. lines which 
are parallel are said to have the same direction* 

In order that a statical force may be known, its magnitude ^ 
direction^ dJiUpMnt of application^ must be given* 

The weight of bodies, being their gravitation vertically down- 
wards, arises from the attraction of the Earth upon them, ac- 
cording to the laws of universal gravitation. These laws we 
shall have to consider in the science of Dynamics. 

In statical problems we have frequently other forces arising 
from the effects of the original forces, which have to be consi- 
dered in the same manner ; as the tension in cords, and the re- 
action in rods. Unless the contrary is stated, the cord is sup- 
posed without weight, perfectly flexible, and to pass perfectly 
freely round any object which changes its direction : the force 
applied at one extremity must then be transmitted without loss 
along the whole length of the cord, or the tension in the cord is 
the same in every part. Unless the contrary is stated, the rods 
are supposed to be inflexible and without weight ; so that a 
straight rod transmits a force applied at one extremity, in the 
direction of its length, to the other extremity unchanged ; so 
that the reaction of the rod equals the original force. 

In other statical problems there arise forces of different 
nature to the original forces, and which therefore have to be 
considered differently; as the friction which arises from the 
roughness of the surfaces of bodies in contact, and the adhesion 
which arises when one of the surfaces at least is of an adhesive 
nature. The laws of friction have been ascertained, and will be 
treated of in a distinct chapter. The properties of adhesive sur- 
faces are of less theoretical importance, and are seldom discussed 
in treatises on mechanics. 

By a particle of a body, we mean a portion of it whose di- 
mensions are smaller than any possible means of measurement. 



4 INTRODUCTION. 

By a rigid body, we mean one in which the reladve positions 
of its particles remain unchanged. 

In some statical problems the properties of flexible and 
elastic bodies have to be considered. In these the relative posi- 
tions of the particles change by the action of the forces. 
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CHAPTER I. 

ON FORCES WHICH ACT AT THE SAME POINT. 

1. A force acting at any 'point is balanced by an equal force 
, ttcting at the same point in an opposite direction* It is clear that 

this must be true ; for whatever tendency to motion the point 
might receive from one of the forces, it would receive an equal 
and opposite tendency from the other; and these would neu- 
tralise each other. 

2. If two forces be in equilibrium ut a pointy they must be 
equal in magnitude and opposite in direction* If possible, let 
the forces P and C, acting in the ^' 
Sections of the arrows, as in the 
figure, keep the point A at rest. 
Let Q be a force equal and oppo- q a ^ 
-site to P/ P and Q will balance, and therefore Q produces the 
same tendency to motion that Q\ a different force does, which 
is absurd. 

Definition. The resultant of two or more forces is the 
single force which produces the same mechanical effect as the 
forces themselves ; which are called the component forces. 

3. When any number of forces act at a point in the same 
straight line, the resultant equals the algebraic sum of the com^ 
ponent forces. 

First, let all the forces act in the same direction as in the 
figure. Let the line AB 
represent the force P^. , i T 




If the point B be rigidly 

connected with A we may suppose the force P2 to act at B, and 
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for all commensurable forces. We 
see also in the annexed figure, 
that the resultant lies nearer to 
the greater than the weaker force. 



When the forces are incommensurable^ the proposition still 
holds good. Let the lines AB, AC a 
represent the incommensurable forces : 
complete the parallelogram, and draw 
the diagonal AD; then AD represents 
the direction of the resultant. If not, 
let some other line, as AE, be its di- 
rection. Take a quantity which di- 
vides AB without remainder, and being 
applied to AC, leaves a remainder GC 
less than ED. Complete the parallelogram ABFG, and draw 
the diagonal AF. Now ABy AG, represent commensurable 
forces, and therefore their resultant is in the direction AF ; but 
AE, the resultant of AB and greater force AC, is nearer AB 
than the resultant of AB and the less force AG, which is impos- 
sible. Similarly it can be proved, that no other direction than 
AD can be that of the resultant. 

Secondly. To prove that the diagonal of the parallelogram 
represents the magni- 
tude of the resultant 
also, when the sides 
respectively represent 
the component forces. 
Let P, Q, Bf acting in 
the directions of the 
arrows, as in the figure, 
keep the point A at 
rest. Let the lines AD, AB, AF, represent respectively the 
forces. Complete the parallelograms AC, AE, and draw the 
diagonals. Hie resultant of any two of the forces must be 
equal in magnitude, and opposite in direction, to the third 
force : therefore, CAF, BAE, are straight lines. AE is parallel 
to CD, and AC ia parallel to DE; and ACDE is a parallelo- 
gram, of which the side .^C is equal to the side DE» But DE 
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by construction is equal to AF; therefore, AD and AB re- 
presenting the forces P and Qy AC represents a force equal in 
magnitude to the third force R ; and thus represents the result- 
ant of P and Q in magnitude as well as direction. 

5. Prop. If three forces acting at a point keep it in equiU- 
hriunhy and a triangle he formed by three lines drawn in their di- 
rections y the sides of the triangle y taken in order y will represent the 
jwces. Conversely y if three forces which act at a point be repre- 
sented by the sides of a triangle, taken in order y they will be in 
equilibrium. This proposition is called the triangle offerees. 

If the three forces P, Q, J8, in equilibrium, act at the 
point ^, as in the figure, 
the triangle ABCy which 
is half the parallelogram 
formed on the lines re- 
presenting P and Q, will 
have its side BA repre- 
senting the force iZ, by 
taking the sides in order, 
as shewn by the direction 
of the arrows ; for AB represents the resultant of P and Q, when 
taken in the opposite direction. 



R 





Conversely y If the three forces were represented by the sides of 
the triangle ABC taken in order, we might form a parallelogram 
with any one of the sides for 
its diagonal, and the resultant 
of the other two forces would 
be represented by this dia- 
gonal taken in the opposite 
direction, which would make equilibrium with the third force. 

By means of this proposition we can resolve a given force into 
two others which are equivalent to it, in any given directions. 

6. Prop. If three forces acting at a point are in equiUbriuniy 
they are proportional each to the sine of the angle contained 
between the other two. 
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In £guie ait. 5, the sides of the triangle ABC represent the 
forces P, Q, JB, Tespectirely ; or, 

P: Q:R::JC: CB: BJ 

: : sin. ABC : sin.^ BAC : sin. ACB 
: : sin. BAQ : sin. BAC : sin. BAQ 
: : sin. QAB : sin. PAR : sin. PAQ 

Since the sines of the angles equal the sines of their supple- 
ments. 

7. Prop. IfP and Q be two forces which net at a pointy the 
angle between their directions being 6^ then if R eqtuils their re^ 
sultant, we have JB^ = pa _|. Qa .j. g , p. Q cosine 0. 

By trigonometry we have in triangle ABC, art. 5. 

AB^ = AC^ + BC^ — 2AC.BC. cos. ACB 

and COS. ACB = — cos. BCP = — cos. 0. 

.-. R:^=^P^+ Q^ + 2PQ COS. 0. 

8. Prop. If three forces acting at a point in different planes 
be represented in direction and magnitude by the three edges of a 
parallelepiped, then the diagonal will represent their resultant 
in direction and magnitude; and reciprocally , if the diagonal re- 
presents a force, it is equivalent to three forces represented by the 
edges of the parallelepiped. 

Let the three edges AB, AC, AD of the parallelopiped in 
the figure represent the three 
forces. Then AE, the diagonal 
of the face ACED, represents 
the resultant of the forces AC 
and AD, Compounding this vdth 
the third force represented by AB, 
we have AF, the diagonal of the 
parallelogram AEFB, representing the resultant of AE and AB^ 
or of the forces AC, AD, AB. 

ilecq)rocally, the force AF is equivalent to the components 
AB, AE, or to the component forces AB, AC, and AD, 
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9. Prop. If any fuimber of forces are represented in direc^ 
tion and magnitude by the sides of a polygon taken in order ^ they 
will, when applied at one point, produce equilibrium. 



Let Pi, Pa, P3, 
P4, P5, be forces 
acting at the point 
^9 as in the figure. 




Let Pi be represented by AB. 
„ Pg „ the parallel line BC» 

j> P5 5» » ^A. 

Or, let the forces be represented in magnitude and direction by 
the sides of the polygon ABCDE, taken in order. If we com- 
plete the parallelograms AC, AD, AE, and draw the diagonals 
AC, AD, we see that AC represents the resultant of forces Pj 
and Pg / compounding this resultant with the force P3, we see 
that AD represents their resultant, or the resultant of P^, Pg, 
and P3 ; compounding this last resultant with the force P4, we 
see that their resultant is represented by the line AE, acting in 
the direction from A to E, which would consequently balance 
the last force Pg, represented by the last side EA of the poly- 
gon, and acting in the direction from E to A» It will be seen 
from the proof that it is not necessary the forces should lie all in 
one plane. 

This proposition is called the polygon of forces. 

When three forces act at a point, any three lines taken 
parallel to their directions will form a triangle, the sides of 
which respectively will represent the forces; but when there 
are four or more forces this will not hold, because the relation 
which subsists between the sides and angles of triangles does 
not hold in four-sided figures or polygons. 
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akn J'G and 
^y the triangiBs 

similar and si- 

milariy situated^ 

the sides bemg 

respectiyely propartxanaly. 

but, although the sdes of the ipiijgaa DEF^Gff mif^ 

sent a system of five fioccea in diieetimL and. inagnibidey jet tliey 

could not be repreientRd alao bylii&aidegio£tbepaIygan2Mg(^J5f 

in nu^nitode also. 

10. when any nmnber of giv&i £arces act at giren. paints in 
a plane, we may find, grapkiettlfy, dhe inagnihidp and dErection 
of the resultant of the system. 

Let Pi, P^ P3, in the Sgaxe, fasfe tiieir paints of application 
j4f Sy C, Producing the diieetians e 

of the forces P^ and P^ xmtil liiey 
meet at the pcnnt a, we finm. the 
parallelogiam ab upon die lines le*- 
presenting diem, and die diiaganal 
is dieir resultant Jt| in die figure. 
Producing R^ until it meets at e 
the direction of the force P^ and 
dra^ng the parallelogram cd on the 
Hnes representing Jt, and P^ we 

have the diagonal representing iS, dieir resultant, or die result- 
ant tii P^i P%9 and Py By pursuing die same method we may 
find the resultant for any number of forces. 

I>f;rtNtTf (m. The moment of a force about any point is die 
prtidtiet of the foree into the perpendicular let fiiU firom die 
pcint upon the direction of the force. The moment, as we shall 
see )fi the next chapter, measures the tendency of die force to 
produce rotatory motion about the fixed point 

11, V1ki^^i The momeni of the rettdtant aboiU any point in 
the ptnne t\f the J\troe& equah the sum of the moments of the 
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Let the forces P and Q, act- 
ing at A, be represented by the 
lines JLBf AC, and their result- 
ant It by ADy the diagonal of 
the parallelogram drawn upon 
AB, AC. Let O be the point 
about which the moments are 
taken; join OAy and draw AE 
FO perpendicular to OA ; draw 
01, Om, On, respectively perpendicular to A£, AC, AD; and 
BE, CF, DG, perpendicular to AEFG; and CH parallel to that 
line. 

Now the triangles OlA, 0mA, OnA, are respectively similar 
to the triangles AEB, AFC, AGD. 




Whence 



AE 01 



AB 

AF 
AC 

AG 



OA 

Om 
OA 

On 



AD OA 



or AE = 



or AF^ 



or AG=^ 



AB.Ol 
OA 

AC.Om 

OA 
AD. On 



OA 

but AE^ CH= FG .'.AF+AE=^ AG 

or, AB.Ol + AC.Om = AD.On 

or, P. 01 + Q.Om=^ R. On 

Or the sum of the moments of the components equals the mo- 
ment of the resultant about any point in their plane, or about 
an axis perpendicular to their plane. 

If the point O fell within the angle formed by the forces, we 
should have the moment of one of the forces tending to cause ro- 
tation in the opposite 
direction to the other, 
and it must then be 
considered as negative 
if the other were po- 
sitive, and the alge- 
braic sum of the mo- 
ments of the compo- 
nents still equals that 
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of the resultant. In the annexed figure we hsw llie proof the 
same as ahove, except that AG = AF — AEy 

and AC.Om—AB. Ot - AD . On 
or Q.Om — P. Ol = JR. On. 

By compounding M with another force acting at A, we should 
obtain a like result ; ' or the moment of the resultant of these 
forces acting at A equals the algebraic sum of the moments of 
the forces. The proposition may^ in the same midmer, be ex- 
tended to any number of forces acting at a point. 



EXAMPLES. 

1. Shew that if dbe the angle between two forces of given 
magnitudes^ their resultant is the greatest when = 0, least 
when 6 = TTy and intermediate for intermediate values of 0. If 
the component forces be P and Q, what is the magnitude of the 
resultant when ^ = 0, and also when 6 = irl Ans, (P -^ Q) 
and (P — Q). 

^. If two equal forces (P) meet at an angle of 60^, shew that 
their resultant = PV^. 

3. If two equal forces meet at an angle of 135^, shew that 
their resultant = P (2 — V^^. 

4. If three forces, whose magnitudes are 3m, 4m, and 5m, act 
at one point and are in Equilibrium, shew that the forces 3m 
and 4m are at right angles to each other. 

5. If two equal forces are inclined to each other at an angle 
of 120**, shew that thei^ resultant is equal to either of them. 

6. If the magnitudes of two forces are 6 and 11, and the 
angle between their directions 30**, shew that the magnitude of 
their resultant is 16*47 nearly. 

7. Shew, that in the last question the resultant makes with 
the force 6 the angle whose sine is '3339, and with the force 1 1 
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the angle whose sine is 'IS^l, which are the sines of 19® Sff and 
\(fi 80f nearly. 

8. Apply the proof of the polygon of forces to the case of five 
equal forces represented by the sides of a regular pentagon taken 
in order. 

9. Enunciate all the propositions requisite to prove that the 
resultant is in every respect mechanically equivalent to the com- 
ponent forces. 

10. A cord PAQ is tied round a pin at the fixed point A, 
and its two ends are drawn in different directions by the forces 
P and Q : shew that the angle between these directions is found 

^ ^i. • a 3{P^ + Q^) ^ 2PQ . 
from the expression cos. ff = — — ^ ^ when 

o PQ 
the pressure on the pin is equal to — - — . 

11. A cord whose length is 2 lis tied at the points A and B 
in the same horizontal line, whose distance is 2 a.* a smooth 
ring upon the cord sustains a weight w : shew that the force of 

tension in the cord = — 






CHAPTER II, 



ON FORCES WHOSE DIRECTIONS ARE PARALLEL. 



S' 



Though the propositions in the last chapter will not apply at 
once to forces acting at different points, of which the directions' 
are parallel, yet we can reduce the proof of the method of find- 
ing their resultant to that of two forces acting at one point in 
different directions. 

12. Prop. If two parallel forces P and Q act at points A. 
and B respectively y then their resultant equals their algebraic sum 
in magnitude, and acts at a point C in the same straight line toitk 
A and By such that P x AC = Q x BC. 

Let the forces 
act as in the figures 
at A and B; at 
these points apply 
equal and opposi|;e 
forces, S and *? .• 
they will not affect 
the system. Pand 
S Sit A will have a 
resultant in 
the direction 
AD; Q and 
S' at B vnR 
have a result- 
ant in the di- s 
rection BD ; 
and in the 
lower figure, 
where the 

forces act in opposite directions, we suppose Q greater than P, 
so that the resultant of Q and aS^ will lie nearer Q than the re- 




'S' 
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sultaDt of P and S does to P; and therefore thq directions of 
the resultants will meet at some point, as D, in both figures. 
We may suppose the whole of the forces to act at the point D. 
Resolving the forces parallel to the original directions, we shall 
have forces S and S' parallel to AB, which will destroy each 
other ; and forces P and Q acting parallel to their original di- 
rections, giving a resultant ii=P+ 3 in the upper figure, and 
i2= Q—P in the lower figure. To find the point C in the line 
JB, or AB produced, where R acts we have, 

from triangle ^CA Pi S:. CD. AC 
from triangle BCD, S' iQi.BC : CD 
Compounding these ratios we have 

PiQiiBCiAC 
or, PxAC=:QxBC 

IS, IS AB be perpendicular to the direction of the forces, 
AC and BC are called the arms of the forces, and the products 
P.ACf Q.BCy are the moments of the forces, about the point C 

14, If C be a fixed point, its resistance will destroy the 
effect of the resultant force ; so that P and Q will be in equili- 
brium about such a point, when their moments, tending to cause 
rotation opposite ways about it, are equal to each other. 

15. To find AC in terms of AB we have 

PxAC=Q (AB-AC), in upper ;figure ; 

or, AC^-=r — -^AB and similarly, BC=i-- — t^AB 

and P X AC^ Q (AC—AB), in the lower figure ; 

or, AC^ Q^^^ ^^ similarly, BC^-^-^AB 

The point C is determined in both cases ; unless in the latter 
P= Q, when -4 C= infinity; but then the resultant -K= Q—P^O. 
This is a peculiar case, the effect of two equal and parallel 
forces which do not act at the same point being to produce 
rotatory motion only. Such forces constitute what is called a 
statical couple, and all tendency to rotatory motion can be 
referred to forces forming such couples. 
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I64 Prop. TofiaA the r^mUant of any ntmber of paralle 
forces ivkidh act ctt any poinU in one plane. 



Fitst, let the ptmdlel forces 
Pi, Pj, P3, &c. . . . P„, have 
their points of application ^, 
Bf D, &c. and act towards the 
same part. Take Any two lines. 
Ox, Oy, at right aisles to each 
other ; join A By and let C be 
the point of application of the 
resultant, -Ki, of P^ and Pj* 
Theni?i=Pi + P2 

and Pi x^C=P2x5C 



Pi Rt 



&i 
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Draw the lines AF^ BG, CH, DK, parallel to Oy$ and Ac, 
Cby parallel to Ox. The triangles ACc^ CJ5b are similar, and 

AC BC 

Cc" Bb 

.'.F^xCc^F^xBb 

ot, Pi X {CH^AF)^F^ X {£G^ CH) 

(Pi+F^) X CH^F^ X AF^F^ x ^Q 

or R^x CH-P^ X AF+P^ x J5G 

Taking another force, P3, and compounding with Jt^ acting 
at C, we find the second resultant, jR^^si^i-f P3==Pi+P2+-P3' 
and iZg X EL=^R^ X CH+F^ x DK 

=PixAF+F^xBG+P^xDK 
and so onwards for any tinmber of forces. 

If we put ^P=yi, BG=y2, DK=^y^, &c. 



OP: 



X 



\^ 



OG:^Xn* OK^^X^. &C. 



'V 



Hf 



or, if ^1^19 ^2^29 ^3^39 &^' • * *^nyH ^^ the co'-ordinates oi 
the points ^, B^ Z>, &6., the points of application of the r. 
forces, the above formida becomesi, 

R^X^LmP^^y^^F^.y^ + F^.y^ 

atid if £, y, were the co-ordinates of the point of application 0: 
iZ, the resultant of the n forces, we should have 



md R.p=P,.yi + Pq.y2+P3.S3 + SiC- • • ■ +A.y» 

If we had drawn lines parallel to Ox, we should have found 
in the same wsj 



These formulse are often written more concisely by using the 
Greek letter S as the aign of summation ; and P being any one 
of the forces^ x, y, being the co-ordinates of its point of appli- 
cation, then 

R.x=S{P.x) 

R.y=S{P.y) 
Jt = S{P) 
The point whose co-ordinates are £, y, is called the center of 
parallel forces. It depends on the magnitude of the forces and 
their points of application ; but is independent of the angle 
which their direction makes with any given line. 

Secondly. When some of the forces act in opposite direc- 
tions they must be taken negative; and so also when the co- 
erdinates of the points of application are negative they must be 
applied witJl their proper ugns; and then the above ftmnuls 
wUl apply to all cases. 

If £i the resultant of P^ and 
Pj, as found in the previous case, ' 
be compounded with a force P^ \ 
acting as in the ^ure at D, by I 
joining CD, and producing it in ' 
the direction of the greater force, 
•ay Ri, we have R^ the second i 
lesultantaiii,— P3; and E being[ 
its point of application, 

R^icEC^P^xED 
Drawing Ce, Ed, par^lel to Ox and meeting DK in d, EL 
produced in e, the triangles ECe, EDd, are similar, and 
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EC_DE 
Ee'^ Dd 

.'.R^xEe=P^xDd 

or, R, {CH^EL)^P^{DK^EL) 

or, {R,^P^).EL=R, x CH^P^xDK 

orsR^xEL=P,xJF-^P^xBG-P^xDK 

and so for any other forces y 

acting in the opposite direc- . ^ b, 

tion to i>j and P^, &c, 

Again. Let y^, the ordi- 
nate of the point of applica- 
tion of i>„ be negative = BG 
in figure; draw A a, Cb, pa- 
rallel to Ox. 

PiXAC=P^xCB 

or, Pj X Ca=:P^ X Bh by simi- 
lar triangles. b 

Pi(^P-CfO=A(C^+5G) 
{P^-^P^CH^P^xAF-P^xBG 

or, i2!i.y=Pi.yi— P^.y^j as we should have found by putidng 
^2 with its proper sign in the general formula, which thus ap- 
plies generally to all cases of parallel forces. 

When some of the forces are negative and others positive, we 
may have the sum 5(P) =0 ; 

or, R= 
and the system of forces may be equivalent to a couple^ 

17. Prop. The algebraic sum of the moments of amy. number 
of parallel forces which act in one plane about any point in the 
plane, equals the moment of their resultant about that point. 
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Let Pi9 Ps) P39 he parallel forces acting at the points A^ JS, 
D, respectively; i2^ and R^ ^'^ resultants, as before; G the 
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point about which 
the moments are 
taken^ and called 
the center of mo- 
mentis 

Draw Gdef and ^ 
A eh perpendicu* 
lars to the direc- 
tion of the forces 
in both figures. In 
the first figure both 
P| and P2 will tend to 
cause rotation the same 
way round G; but in the 
other figure they tend op- 
posite ways, and must 
therefore be taken with 
different signs. 

In the first figure, the 

sum of the moments of P^ 

and Pa about G-P^ x Grf+Pa x Gf 
^Pj{Ge-de}-^P^{Ge + ef) 

s=(Pi+P2)Ge+P2Xc6— Pi-4c . . . since cb==ief, ie^Ac 
=i2i X 6?c+ (Pg X C5— Pi X ^C) COS. J5^6 
=i2i X 66=moment of the resultant about G 

imce Pi X AC ssP^ x CB when C is the point of application of 

the resultant. 




In the second figure the algebraic sum of the moments about G 
=P2 X t?/-Pi X Gd 
=P2( Ge + e/) -Pi((fe- Ge) 
^{P^+P^Ge+P^xef-P^xde 
=i2i X 6r& . . . as before, since Pg X ef^P^ x de 



If we take another force, P3, we find in the same way the 
moment of the second resultant, It^f equals the algebraic sum of 
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the moments of Mi and P3, or of P^, P^, and P3, and so for any 
number of forces. 



EXAMPLES. 

1. Two parallel forces acting in the same direction hav^ 
their magnitudes 5 and IS, and their points of applioation 6 feet 
distant; shew that their resultant acts at a point 4^ feet from the 
point of application of the force 5, and If feet from that of the 
force 13. What is the magnitude of the resultant i 

2. If the forces in the last question act in opposite directions, 
shew that the point of applioation of their resultant is distant 
3f feet from the point of application of force 18, and 9} feet 
from that of force 6, What is the magnitude of the resultaat ? 

3. If two parallel forces, P and Q, act in the same direction 
at the points A and B^ and make ^n angle with the line AB, 
shew that the moment of each of them about the point of appli- 

P.Q 

cation of their resultant = ^ ' ^A B sin. 6. 

P+ 



4. If three forces which act at a point be represented in 
direction and magnitude bj the sides of a triangle taken in 
order, they will make equilibrihm i diew thi^t if, instead of act- 
ing at one point, they eaeh act in the line which is the sid^' of 
the triangle representing it, they are equivalent to a statical 
couple. 

5. If three equal parallel forces act at the three angles of 
an equilateral triangle, shew that tkeir einter, or point of eppli- 
cation of their resultant, is in the line drawn from any angle to 
the middle of the opposite side, a^d at f the lepgth of the line 
measured firom the angle : being independent of the angle which 
the forces make with the plane of the triangle. 

6. In question 4, if a, b, c, be the sides of the triangle op- 
posite to the angles A, B, C, respectively, then the moment of 
the couple equals abnin, C^acmi. B^bBc Bin. A. 



CHAPTER III. 



ON THE THEORY OF COUPLES. 



We saw in the last chapter tb^t two equal and parallel forces 
acting in opposite directions and at diffejrent points of q, body 
had no mngie resultant^ but constituted a statical eotiple, tend- 
ing to produce rotatory motion. This tendency can be balanced 
only by aja equal and opposite tendency produced by an oppo- 
site couple. Statical couples have peculiar properties, which we 
will now discuss, and chiefly by employing the mp^-fosition of 
equilibrium. See page 6. 

18. Prop. A couple may be turned round in any manner in 
its own plane without altering its statical effect. 



p» 



Let P^ABP^ be the ori- 
ginal couple; take ab^AB^ 
and turned round any point C, 
apply equal and oppo^te forces, 
P3, P4, perpendicular to ab at 
a; and similarly, P5 and P5 at 
h; these will not affect the 
system, being in equilibrium 
amongst themselves: let each 
of them equal Pi or Pj. Then 
Pj at Ai and P4 at a, are equi- 
ydent to a force bisecting the 
angle P^EP^ between them, or a force in CE; similarly, P, 
and Pg are equivalent to an equal force in CD. These forces 
being equal and opposite may be removed ; that is, we may rcr 
move from the system the forces P^, Pj, P4, Pg, and we have 
remaining the forces P3 and P5 at a and 6, forming the couple 
P^abP^y which is the same as if we had turned the original 
couple round the point C until its arm came to the position a 6. 
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19. Pbop. a couple may be removed to any other port qfiti 
own plane, its arm remaining parallel to the original directiont 
and it may be removed to any other plane, in the body on which it 
acts, parallel to its own plane, itt arm being parallel to the ori- 
ginal a^m. 



Yvat, I^et the arm AB of the 
original couple P^ABP^ be re- 
moved in its own. plane to the 
parallel position ah; let forces 
P3, P4, Pj, Pg, each equal to the 
original forces, be applied per- 
pendicularly to ai at the extre- 
mities a and h in opposite pairs, 
as in the figure. 

Join Ab and aB, these lines \ 
will bisect each other in C; and 
P, at A, and Pj at 6, are equiva- 
lent to a force =2Pi at C, pa- 
rallel to the original direction ; similarly, P3 at B, and P, at a, 
are equivalent to a force =2P^ at C, opposite to the former; 
these will consequently balance each other, and may be removed, 
or the forces Pj, Pj, P4, Pj, may be removed, and we have re- 
maining the couple P^abPg, equivalent to the original couple 
removed parallel to itself in its own plane. 




Secondly. Let the arm AB of the original couple be re- 
moved from its own plane 
DE, parallel to itself to 06 
in the parallel plane F6; 
let equal forces, each equal 
to Pi or Pg, be applied at a 
and b, as in the former case. 
Join Ab and Ba; these lines 
■will bisect each other in C. 
The forces Pi and Pj vrill be 
equivalent to a force =3P, at 
C, parallel to the original di- 
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rection^ and P^ and P^ will be equivalent to an equal and oppo- 
site force at the same point ; these equal and opposite forces at 
C may be removed, and there remains the couple P^abP^ equi- 
valent to the original couple removed to the plane JFG. 

2O0 Prop, uill statical couples are equivalent to -each other 
whose planes are parallel and moments equal. 

Definition. The moment of a couple is the product of one 
of the forces into the arm, or P.AB in the foregoing proposi- 
tions. 

LetPi-^^Pijbe the original couple, 
whose moment is P.AB* Produce 
AB to C, and apply there equal and 
opposite forces Q^ and Q^ such that 
Q.AC^P.AB. We may suppose 
Pj at ^ to be the isum of two 
forces, P' and Q^ ; now P^^AB^ Qj, 
AC^Q^{AB-^BC). 

.'.{P,-^Q,)AB^Q,.BC p_^^^ 

^P\AB 

and forces P' at A^ and Q^ at C, have a resultant parallel to 
their directions and equal to their simi at B, This force, 
P' -^Q^ Pj, will balance P^, and therefore P' at A^ Q^ at C, 
and P2 at JS, may be removed ; and there remains the couple 
Q.ACy which is therefore equivalent to the original couple. 

By the previous propositions this couple, Q.AC, may be 
removed into any plane parallel to its own, and turned round in 
any manner in that plane. 

Definition. The axis of a couple is a line perpendicular 
to the plane of the couple ; and its length being taken propor- 
tional to the moment of the couple, represents it in magnitude. 
The tendency to rotatory motion being round the axis, and the 
length of the axis representing this tendency as measured by 
the moment, the axis represents completely the couple. The 
effect of the previous propositions is consequently this : that the 
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a3ds, ofjiiced length, wi^j be r^juoyed a»y where witbi» the b« 
iu:ted on, parallel to itself. 

When 91^ number of couples act upon the body^ they can 
compounded into one resultant couple. 

^1. Prop. When tiny number of eeuplea act upon a body 
parallel planes, the moment of the res^tard couple equdle the eu 
of the moments of the component couples* 

Let Ft Q, Mf &Qf be the forces ; a, 
6, c, &c. their arms respectively; the 
couples can be removed all into one 
plane, turned roimd, and moved in tb^t 
plane, and their arms changed to a 
common arm, whilst their momente xe^ 
main imchanged. Let m be the com** 
mon arm AB; F\ Q\ K, &c,, the t 
forces; so that P'.m=P, a, Q^m^Q^b, i^' 
B!.m^R.c, &c, ; but the forces P\ Q\ / 
JK', &c. at A are equivalent to a force 



B 



P. a . Q.b , R.c 



P' + Q'+iJ'-f&c.=±-l-"+:^*' + 



+ &C. 



m 



m 



m 



o 



K 



And similarly, the forces ^t B ure equ^l to 
the same sum ; and the moment of the re- 
sultant couple 5= (P' + Q' + ^ + 8cc,)AB » > ^ > * — ^ 

=::<P'-f-Q'+iJ'+&cOw 
=Pa + Qft+i2c + &c. 

This is the same thing as taking the algebraic sum of the axei 
as OKj KLy LMy &c. for the resultant ^ixis, when the compc 
nent axes are paralld. If any of the coupler had tended t 
cause rotation the contrary way round, 
we must have taken them with con- 
trary fligns, or liieir axec muct have 
been measured in the <^poi^te direct 
tion from O. An axis is therefore ba- ^ 
lanced by an equal and c^posite axis, 
or a eoiiple by an equal and opposite 
couple, li PABP, QDEQ, mere 
couples whose moments were equal and 




ATATICfi. 



27 




opposite^ or P.AB^ -^Q.DE, they would evidently «i^^ri> 
equilibrium with each other. 

22, Prop. If two sides of a parallelogram represent the 
axes of two component couples^ the diagonal formed upon them 
represents the axis of the resultant couple. 

Let OK, OLy be the axes 
of the component couples, 
dien OM, the diagonal of 
the parallelogram formed on 
them, represents the axis of 
a couple equivalent to them. 

The planes of the couples 
being perpendicular to their ^ 
axes respectively, will be in- 
clined at the same angle to 
each other as the axes themselves are. The couples can be 
moved and turned round, each in their own plane, until their 
arms are in the intersection of their planes ; and their moments 
being kept the same, they can be brought to have the same arm. 
Let AB be this common arm in the intersection of the planes ; 
PABPy QABQ, the couples. Completing the parallelograms 
on the lines representing P and Q respectively, the diagonal 
represents their resultants 12, at A and B, and the two couples 
are equivalent to a couple RABR. 

If be the angle between P and Q, or between OK and Oi, 
iPrrpa+Qa + gpQcos.^ . . . from the triangle of forces. 

.-. R.AB=iAB. y^P^+Q^+2PQ COS. 

= s^P\AB^+Q^.AB^+2P.ABxQ.ABco8.3 
= v^OJS:*+ 0C'+20K. OL COS. 
= 0M 

And OK, OL being respectively perpendicular to the planes of 
the couples PABP, QABQ, we have OM perpendicular to 
the plane of the resultant couple RABR ; therefore OM repre- 
sents the axis of the resultant couple. Let L and M be the 
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This sum we often write more concisely by employing the 
Greek letter S as the sign of summation* 

or, Xi + X^-i- X^ + &c. . . . Xn=S{X) 

In the same way, in the txis of g we ha^e 

Ti+Fa+ra+ftc. . . . Tn=S{Y) 
or we have 2'(X) = ^ {P cos. a) 

S{Y)=S{Psm.u) 

Let M he the I'esultemt re<iuited| tht angte it makes witii 
Ox. The resolved parts of iJ in the axes must equal the Re- 
solved parts of the forces in the same directions ; or, 

Mc6n.0^SiX) 

Jt^m.0t=S{Y) 

i22=i22(sin.2d + cos.2^) 

={S{X)f + {S{Y)y^ (2) 

These equations (1) and (2) give the magnitude and direction of 
th^ resultant. 

If the fo^ic^eft are in equilibrium, their resultant = 0^ and 
JK=0 gives 

o=(:?(X))2+(:?(r))2 

But square quantities being essentially positive, this equation 
caAnot be true unleite we have 

J(X)=0 S(Y)=0 

These are the two necessary and sufficient equations for equili- 
briuni, when any numbet of forces in one plane act at one point. 

24f. PRoi'« To investigate the expressions for the resultant 
force and r^stUtant couple, and to find the conditions of equiU' 
brium, when any number offerees act at various points of a rigid 
body in one plane. 

Let Ox, Oy, be the co-ordinate axes, and the plane passing 
through them that in which the forces P^, Pg, &c. . . . P„, act 

Let oc^f Oq, &c. ... a , be the angles they make with (hs 
respectively. 



CHAPTER IV. 

ON ANALYTICAL STATICS IN TWO DIMENSIONS. 

N this chapter we refer the points of application and the direc- 
Lons of the forces to co-ordinate axes Ox, Oy^ at right angles to 
ach other. 



23. Prop. Required the magnitude and direction oj the re- 
vltant of any number of forces in one plane acting at one pointy 
md the conditions in order that there may be equilibrium. 



Let Pj, Pj, P3, &c. . . . P«, be the n 

Porces, and let the point at which they act 
be taken for the origin of co-ordinates. 
Let Pj make the angle a.^ with Ox 



&c. 
P« 



«2 

&C. 



N 




Let OA represent the force P^; com- 
pete the right-angled parallelogram 

OMANy then OM represents the resolved part of Pj in Oxy 
ON that in Oy. 

Let Xiy X2, X3, &c. . . . Xn, be the resolved parts of the 
orces respectively in Ox, 



•* 1* ^2> -'■ 3» ^^' • • • *• 



. . in Oy, 
ON- Y^-P^ sin. oc^ 



r2=P2sin. a 
r3=P3sin. a 



3 
3 



we have 0M= X^ =Pi cos. a^ 
and similarly, X2=P2^os. et^ 

X3 = P3C0S. 03 

&c. &c. 

Xn = Ph COS. a„ 

lut the components in Ox are equivalent to a single force 

= Xi4-X2+X3 + &c. . . . Xn. 



&c. &c. 

r„=:P„sin.a,. 
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G=S(Xy)-S(Yx) 
=5(Xy- r«) (I) 

If ii be the resultant force acting at O, & the angle it makes 
with Oxj ... 

nco8.0=S{X) 

Edn.d=S(Y) 



tan.^=?(I^ 
SiX) 

andiJ»=(J(X))2+(^(r))' 



X 
It 



(2) 
(3) 



T^e equations (I), (S), and (S), deteimine 6r and It; they 
can, however, be simplified when neither G nor i2=:0» The mo- 
ment of the couple remaining the 
same^ let its forces be each made 
equal It; then let it be moved and 
turned round until one of its forces 
acts at O in an opposite direction to 
the resultant force; AO being the 
arm. These two forces balancing, 
may be removed^ and there remains 
the other force of the couple acting 
in AR in the figure. This final re- R 
sultant being parallel to R, makes the angle 6 with the axis o£x. 

To find the equation of the line ABR^ we have OA the arm 

of the couple= -, and 05=-—^= 

IC cos. u IC cos. tf 

or, 0B= ^ 




S{X) 
and equation of line jiBM is ' 

y=ta,n. 6. x+ OB 
S{Y) ^ G 

When there is equilibrium, we must have both the resultant 
force=0 and the resultant couple=0. These conditions give us 

Z(X)=0 

S{Y)=0 
S{Xv-Yx)=() 
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These are the three necessary and sufficient equations of equiU- 
briwmy when any forces act on a free body in one plane. 

25. If there be a fixed point in the plane of the forces, we 
might take it for the origin of co-ordinates 0, and its resistance 
would destroy the effect of the resultant force iJ, and we should 
have the condition of equilibrium only G=0 ; 

or,5(Xy-ra:)=0 
or there must be no tendency to rotation around the fixed point. 

26. Prop. To prove the principle of virtual velocities for 
forces acting in one plane on a pointy and on a rigid body at dif- 
ferent points. 

Definition. If any forces as P^ and P^ 
act at a point as ^ in the figure, and this 
point is displaced through an indefinitely 
small space Aa^ and we draw perpendicu- 
lars p,a and^^o from a upon the directions 
of the forces, then the distances Ap^ and 
Ap2 are called the virtual velocities of the forces P^ and P^ ; and 
Ap^ being measured in the direction of force P^ is called posi- 
tive, Ap2 being measured in the direction of force P^ produced 
is called negative. 

The principle of virtual velocities is thus enunciated: If 
any ntmiber offerees he in equilibrium at one or more points of a 
rigid body, then if this body receive an indefinitely small disturb- 
ance, the algebraic sum of the products of each force into its 
virtual velocity is equal to zero. 

This principle is true when the forces in equilibrium act at 
any points and in any planes on a rigid body ; but we shall in 
this treatise only prove the case when the forces act either at 
one point or at different points, in one plane, because the ge- 
neral case requires a knowledge of analytical geometry of three 
dimensions. 

First. To prove the principle when the forces act all at one 
point. 

Let A be the point at which the forces P^, P^, &c. . . . P„, act. 
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Let a^, ^2^ «3, &c. . . . Os, be the f 
angles they make respectively with Ox. 

Let d be the angle which the displace- 
ment jia makes with Ox. 

Let t?!, t72, «?3, &c. . . . t?„, be the vir- 
tual velocities of the forces respectively; 
then in figure, Vi=Api=jiacos.aApi 

=-^acos. («! — ^) 
=Aa (cos. «! COS. ^ + sin. a^ sin. ^ 
and Pj . i?j = Pj^a (cos. aj cos. d + sin. aj sin. 0) 

= -4a (cos. . Pi COS. «! + sin. . Pj sin. a^ ) 
Similarly, for Pg we have 

Pg. i?2=-4o (cos. ^. Pg COS. Oj + sin.^.Pj sin. a^) 
and SO for the other forces, therefore, we have 

P^.v^ + P^.v^+Ps'V^ + Scc. . . . P„.«7,=5(P.«?); say, 

=Aa {COS. (Pi COS. «! 4- P2 cos, a^ + &c« ••••?» cos. ««) 
+ sin. ^ (Pi sin. «! + P2 sin. a^ + &c. . . . P„ sin. «») } 
But when there is equilibrium at a point 

Pi COS. «! +P2 cos, a^ + ScC. . . . Pn COS. a« = 

Pi sin. 0^1 H-P2 sin. agH- &c. . . . P» sin. a»=0 
.*. we have 5'(P.t7)=0 ; or, the principle is true when the forces 
act all at one point. 

Second. Let the forces act at different points or particles of 
the body in one plane. We have now to consider these points 
connected together by rigid lines or rods without weight, which 
transmit the reactions of the particles upon each other. These 
reactions must be considered together with the other forces. 

Let Aii A 29 -^3, &c. . . . Amy be the particles. 
Let Vaio, be the reaction of the particle A^ upon the particle A2 

A2 - - Ai 

A^ ' ' A^ 

I'a^x - ■ ~ A^ - - Ai 

&c. &c. &c. 

Let iJaioa* '^a^xi '^oya^y Vrt3«,» &c. &c. bc the Corresponding virtual 
velocities ; 



0,01 



«!«» 
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then ra^a^=rayalf ^aiot^ra^f &c. &c. from the nature of reactions. 
Also «?«,03= -^^0^19 ^a,03= — «?«3a,, &c., which wc must shew. 

Let A and B be 
the particles dis- 
placed to a and b. ^ 
Draw the perpendiculars ap, bq. Then if the line ab is parallel 
to AB, the point to be proved is evidently true. When ab is 
not parallel to AB, let them meet when produced^ if necessary, 
in some point C. Since the displacements are indefinitely small, 
the perpendiculars ap, bq coincide with circular arcs having C 
for center, and 

Ca-Cp Cb=Cq 

but Ap= Cp- CA=: Ca- CA 

Bq=^Cb'-CB={Ca + ab)'-'{CA+AB) 
= Ca^CA . . . since AB=ab 
^Ap, but measured in the opposite direction 
to the reaction of B upon A, and is therefore negative. 

Let the sum of the products of all the external forces into 
their virtual velocities, acting on particle Ai be S{Pai' «?ai) 

those on - - -^a b^ ^{Ptn^'^a^ 
those on - - -^3 be 5(-Pa,.t^«,) 

&c. &c. 

those on - - A^n be ^{Pa^.VaJ 

Since each particle is in equilibrium from the action of the 

forces upon it, we have from the first case, 

= 5(Paj . t^o,) + /-o^i . t^o^ai + r.,^ .«?«,«,+ &C. 
= 5(Pfl3 . Voa) + ^'oaa, • «^a,ai 4- roj^ . «?«3K»3 + &C. 

&C. &C. 

= 5(Pa^ . t7a J + Ta^a^ . «?a^«i + Taj^ . Va^a^ + &C. 

In taking the sum of the products for all the particles, the 
products of the reactions into their virtual velocities will disap- 
pear, being in pairs equal in magnitude with contrary signs; 
therefore we have. 
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or generally, wLen there is equilibrium, 

27. Conversely. If the sum of the products of the forces 
into their virtual velocities be equal to zero, or 5(P.t7)=0, then 
there will be equilibrium. 

For if the forces be not in equilibrium, they will be equiva- 
lent either to a single force or a single couple. (Art. 24.) 

In the first case, let It be the single resultant force, then a 
force equal and opposite to It will, reduce the system to equili- 
brium ; let u be its virtual velocity for any displacement. Since 
there is equilibrium, we have, by the preceding article, 

S{P.v) + R.u=0 

But by hypothesis S{P*v)=0 .'. R.u=0; which being true for 
all small displacements of the body, we must have i2=0, or the 
body was in equilibrium from the action of the original forces. 

In the second case, if the forces were equivalent to a result- 
ant couple, it would be balanced by an equal and opposite 
couple. Let the forces of this opposite couple be Q and Q', and 
their virtual velocities for any displacement be q and q' respec- 
tively. Since they will reduce the system to equilibrium, we 
have by the preceding article 

S{P.v)^'hQ.q+&.q'=0 

but S{P.v)=0 .\ Q.y-hQ'.y =0 for dl displacements, which 
is impossible unless Q and Q' each=0, since they are parallel 
forces, and act at different points. 



CHAPTER V. 



ON THE CENTER OF GRAVITY. 



28. The center of gravity of a body is that point at which the 
whole weight of a body may be considered to act^ and would pro- 
duce the same mechanical effect as the weight of the body actually 
does. 

m 

The weights of all the particles of a body, acting vertically 
downwards, are parallel forces, so that the center of gravity co- 
incides with the center of parallel forces for such weights. 

From the definition it arises, that if the center of gravity of 
a body be a fixed point, the body will balance about that point 
in all positions. This property of the center of gravity often 
furnishes the means of determining its position practically. In 
regular and symmetrical figures, as cubes, spheres, cylinders, 
thin plates which are circular, elliptic, or regular polygons, &c. 
it is evidently the center of the body, or point about which it is 
symmetric^. 

29. Prop# If a body be in equilibrium, suspended from any 
point, or resting with one point of contact upon another body, 
then the center of gravity lies in the vertical Une through that 
point of suspension or contact respectively. 



Let A in the figures be 
the points of suspension and 
contact respectively; draw 
the vertical lines Aw. If the 
whole weight of the body act 
in these vertical lines, it will 
be supported by the reac- 
tions of the fixed points A, 
or when the centers of gra- 




38 ELEMENTARY MECHANICS. 

vity g are in these lines. If the centers of gravity were not in 
these lines, but at some points asy'/ drawing the vertical lines 
gm through g, and the horizontal lines Am^ then w, the weight 
of the body acting at g\ would have a moment w x Am, which 
being unbalanced, the body could not be in equilibrium, con- 
trary to the supposition. 

Definitions. A body is said to rest in stable equilibrium 
wherif after receiving a slight disturbance^ it returns to its first 
position. 

It is said to rest in unstable equilibrium when^ after receiv- 
ing a slight disturbance ^ it moves from its position of equilibrium. 

It is said to rest in neutral equilibrium when, after being dis- 
turbed slightly, it still rests in equilibrium. 

• 

30. Prop. JFhen a body rests in stable equilibrium, Us 
center of gravity is in the lowest position it can take ; and when 
in unstable equilibrium, it is in the highest position it can take. 

In the first figure of the last article the body rests in stable 
equilibrium, and the center of gravity g would, on disturbance, 
describe a circular arc about the point of suspension A> and 
therefore would rise on the body being disturbed. In the 
second figure also, if the equilibrium be stable, the center of 
gravity vrill rise on disturbance, from the change of the point 
of contact from ^ to a neighbouring point. In the annexed 
figures, whilst the vertical lines through 
the centers of gravity ^ pass through the 
points of suspension or contact A, the 
body will rest in equilibrium ; but on a 
small disturbance being given to the 
bodies, the centers of gravity, falling out 
of the vertical lines through the points 
of suspension and contact, will come to 
a lower position than at first, and the 
weight will have a moment turning the 
body further from its position of equilibrium, which therefore 
in this case is unstable. 
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31. Prop. To find the conditions that the equilibrium may 
be stable^ unstable, or neutral, when the spherical surface of a 
body rests upon another spherical surface. 

Let A be the point of contact of 
the spherical surfaces^ C the centre 
of the upper surface, that of the 
lower. Let Cji=r, Oji=/. Let 
the body receive a small disturbance | 
so that the point C comes to C in 
the plane of the figure, and the point 
of contact is now B, A' being the 
new position of -^. Join and C, 
then OC=r'{-r. Draw jB6, a ver- 
tical line meeting C'A' in b. Then 
if the center of gravity of the body 
falls between A' and b, as at g in the 
figure, the equilibrium will be stable, for the moment of the 
weight (w) of the body will bring the body back to its first posi- 
tion. If the center of gravity falls beyond b from A\ as at ^', 
the vertical line through ^' will fall beyond -B, and the moment 
of the weight will cause the body to move further from its first 
position, and the equilibrium will be unstable. 

If the vertical line through the center of gravity passes 
through 6, the body will be still in equilibrium, which is there- 
fore neutral. 

When the displacement is indefinitely small, A' will be inde- 
finitely near A, and, by similar triangles, we have 

A'biA'C:: OB: OC 

or, A'b : r 11 r yr + r 

rr 



or, A'b^ 



r+/ 



consequently, when the equilibrium is 

stable, Ag is less than 



rr 

I 7 

r+r 



unstable, Ag' is greater than 



rr 
r+r 



rr 
neutral, Ag is equal to — -— , 
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When the lower surface is a horizontal plane, the radius of the 
body at the point of contact is always vertical, and the equili- 
brium is 

stable, when Ag is less than r ; 
unstable, when Ag is greater than r ; 
neutral, when Ag is equal to r. 

32. Prop. To find the condition that a body placed on a 
plane surface may stand or fall. 

Let figures 1 and 2 
represent the sections of 
bodies by vertical planes 
through their centers of 
gravity (g)^ which rest on 
a horizontal plane. 



Let figures 3 and 4 re- 
present, similarly, bodies 
resting on an inclined 
plane, down which they 
are prevented from slip- 
ping by friction. 




flg. 3. 



fig. 4. 




Drawing vertical 
lines through the cen- 
ters of gravity of the 
bodies, they will be the 
directions in which the «' 

weight of each acts, diS g w in the figures. 

Now, in figures 1 and 4 the weight cannot cause the body to 
turn about either -^ or 5 in figure 1, oi G or H in figure 4, be- 
cause its effect is destroyed by the resistance of the plane. But 
in figures 2 and 3 the weight will have a moment about Z> in 
figure 2, and about E in figure 3, which is not neutralised by 
the resistance of the plane, and the bodies consequently will fall 
over. 

The condition, therefore, that a body placed on a plane shall 
stand or fall is, that the vertical line through its center of gra- 
vjtj falls within or without the ba« ^tively. 
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TO FIND THE POSITION OF THE CENTER OF GRAVITY IN SYSTEMS 

OF PARTICLES AND IN RIOID BODIES. 

33. Prop. To find the center of gravity of any number of 
heavy particles whose places are given. 

Let A, J5, C, Z), E, &c. be the 
particles whose weights w^, w^, w^, 
&c. act in the vertical direction ^ 
indicated by the arrows from A^ 
-8, C, &c. and therefore consti- 
tute a system of parallel forces, vi 
w^ and w^ will have a resultant 
^w^-^-w^ acting at a point ay such 
that w^xAa^w^y^ Ba. 




\ 



^4 



Compounding the weight Wi+Wj ^^ ^ with another weight 
tTg acting at C, they will have a resultant ^i^Wi + w^-^w^ acting 
at a point h^ such that 

{w^'{-W2ixah=^w^xCb 

Compounding the weight w^-^-w^ + w^ acting at 6, with another 
weight w^ acting at D^ we should find the point at which the 
resultant Wi'\-W2-\'W^'\-w^ acted^ and so onwards for any num- 
ber of particles whose positions were given. 

The position of the point at which the final resultant weight 
acts is thus determined^ and is the same point whatever be the 
order in which we compound the weights ; so that a sysit;em of 
particles or a rigid body can never have more than one center of 
gravity. 

The positions of the points a, h^ &c. depend on the weights 
^\9 ^29 ^39 ^^* ^^^ ^^ ^^^ positions of the points A, By Cy &c. 
with respect to each other, but not at all on the directions of the 
arrows with regard to the lines ABy aC, &c. ; so that gravity 
acting vertically downwards, we may turn the whole system into 
any new position, the weights and relative positions of the par- 
ticles remaining the same, and shall find the center of gravity in 
the same point as before. 
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Cor. If the center of gravity of a system of particles rigidly 
connected, or of a rigid body, be supported, the whole system 
will be supported, and the system or body will balance about 
the center of gravity in all positions. 

34. If the positions of the particles be given with respect to 
a fixed origin and co-ordinate axes, we should find the position 
of the center of gravity by the same process as in article 16. 

If m = the mass of any particle, and therefore proportional 
to its weight, x, y its co-ordinates, and ^, y the co-ordinates of 
the center of gravity of the system, we have, by article 16, 

J, __ — __ ^ — ... or — ; ; ; — jj 

^_ S{m.y) ^ ^ ^ Q^, ^ ^1^1+ ^23/2 + yw3y3 + &c . 
S{m) * ' ' wii+ma-hwia-h&c. 

where x^, y^ are the co-ordinates of the particle mj ; x^f ^2 those 
of ^2, &c. &c. If the particles are all in the axis of j?, yi=0, 
^2=0, &c. &c. andy=0. 

35. The formulas of the last article are applicable to the so- 
lution of problems where the centers of gravity of the parts are 
given to find the center of gravity of the whole body, and where 
the centers of gravity of the whole body and some of the parts 
are given, to find the center of gravity of the remaining part; 
for the weight of each part being taken at its center of gravity, 
we treat the problem as if a heavy particle of that weight were 
placed there. Thus, let ifef equal the whole mass of a body ; *p, y 
the co-ordinates of its center of gravity ; ilfj, JkTg, ^^y y^, ^2> P^* 
the corresponding quantities for its two parts ; we have 

M ' ^ M 

If My M^y and cCy y, x^y y^, were given, we have 

M^=^M-M^ 
_M£-M^ _ My-M^y, 
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S6. £x* 1. To find the center ofgrcmty of a uniform physic 
'ol straight line. 

If AB be the uniform straight ^ ^ 

ne, it will balance on a fulcrum or 

xed point at C its middle point, which will be its center of 
ravity by art. 28 ; for we may consider the line as made up of a 
?ries of equal particles in pairs, at equal distances on opposite 
des of C, and the weights of each pair would have their result- 
iit weight acting at C, the middle point between them, or the 
3sultant weight of the whole line would act at C ; and this 
weight being supported by the reaction of the fulcrum, the line 
dll be supported, and its center of gravity will be at C, its 
liddle point. 

Ex. 2. To find the center of gravity of a triangular plate y of 
niform thickness and density. 

Let ABC be the triangular 
ilate of which the thickness is 
Qconsiderable. Draw from C the 
ine CD bisecting AB in D, and 
rom B the line BE bisecting 
iC in E. Let G be the inter- 
ection of CD and BE, then Ois^ 
he center of gravity of the triangle. For we may consider the 
riangle to be made up of physical lines, each parallel to AB; 
bt adb he any one of these lines, meeting CD in d, which will 
m its middle point, because by similar triangles we have 

Cdida:: CD : DA 
:: CDiDB 
: : Cd : db 
rhe line ab has therefore its center of gravity at d. 

Similarly it is shewn that every line parallel to AB will be 
lisected by CD, and have its center of gravity in that line ; there- 
ore the center of gravity of the triangle will be in this line. 

In the same way it is shewn that the center of gravity will 
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be in the line BE: consequently it must be at the intersection 
of these lines, or at the point G in the figure. 

Join the points D and E. The line DE is parallel to BC^ 
because the sides AC^ AB are cut proportionally in 2) and jE, 
and DE^\BC. 

Also the triangles EDG^ BCG are similar. 

.\ ED : BCi: DG : CO 

:: 1 :2 
i or, 2)6?=J.CC?=J.CZ> 
^ So also, EG=i. BE 

Therefore to find the center of gravity of a triangular plate, 
we draw, a line from any angle to the middle of the opposite 
side, and measure along this line f its length from the angle, or ^ 
from the bisection of the side, and the point so found is the cen- 
ter of gravity required. 

Ex. 3. To find the center of gravity of a parallelogram of 
which the density is the same at every pointy and the thickness 
uniform but very small. 

Let ABCD be the parallelogram; 
bisect the sides AD, BC in E and F, 
and join EF; also bisect AB and CD 
in H and K, and join HK; let G be 
the intersection of EF and HK, then 
6r is the center of gravity of the paral- 
lelogram. 

For the parallelogram may be considered made up of physical 
lines as ad parallel to AD, 6ach of these will be bisected by the 
line EF, and therefore the center of gravity of the parallelogram 
will be in this line. Similarly the center of gravity will be in 
the line HK, and is therefore the point G at the intersection of 
these lines. 

It is also evidently the intersection of the diagonals of the 
parallelogram. 
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Ex. 4. To find the center of gravity of a polygonal plate ^ of 
uniform density and thickness. 

Let AB CDEF be the poly- 
gon. Draw the lines AE^ AD, 
AG, dividing it into triangles. 
When the polygon is given, 
these triangles will be known, 
and their centers of gravity will 
be found by Ex. 2. Let y^, g^t 
939 949 te these centers of gra- 
vity respectively. We may con- 
sider the mass of each triangle 
as a heavy particle at its center of gravity. Compounding the 
masses at g^ and g^, by art. 33, their center of gravity will be at 
some point as G' in the line joining g^ and g^. Compounding 
the mass of the two triangles at G' vrith the mass of the next 
triangle at g^, we shall have the center of gravity of the three 
triangles at some point as G", and so onwards ; the last point so 
found will be the center of gravity G of the whole figure. 

Ex. 5. To find the center of gravity of a triangular pyramid, 
of uniform density. 

Let ABCD be the triangular ^ 

pyramid. Bisect the edge jBC in 
jB, and draw the lines AE, DE ; 
in AE take Af^^^AE, in DE 
take 2>^=fZ)-B, then e and /are 
the centers of gravity of the tri- 
angular faces of the pyramid DCB, 
ABC respectively. Join Df Ae; 
these lines intersect in a point 6r, 
which is the center of gravity of 
the pyramid. 

For we may consider the pyramid made up of triangular 
plates parallel to any one of its faces. Let abche such a plate 
parallel to the face ABC. The parallel planes meet the plane 
DCB in ch, CB, therefore these lines are parallel, and ch is bi- 
sected by the line DhE in h; for 
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Dh.chiiDE: CE 

:: DEiEB 

: : Dh : hb 
therefore ch=hb. 

Similarly, the lines ah and AE are parallel, and Df, a line b 
the plane of the triangle AED, cuts them proportionally. L»t 
g be the intersection of lyand aA, 

Dg : ag i\ Df\ Af 

and ghi Dg ::fE: Df 

Compounding, ghi ag \: fE : Af 

:: 1 :g 

therefore g is the center of gravity of the triangle aJc. Simi- 
larly it may be shewn that the center of gravity of every section 
parallel to ABC is in the line Df. In the same way it may be 
shewn that the center of gravity of every section parallel to the 
face BCD is in the line Ae, The center of gravity of the whole 
pyramid must therefore be in each of these lines, which are both 
in the plane AED. Let G be the intersection of Ae and Df or 
the center of gravity of the pyramid ; join fe. Since AE, BE 
are cut proportionally in e and/, ^is parallel to AD^ and 

efiAD'.ifEiAE 
:: 1 :3 
Also the triangles AGD, fGe are similar, and 

fe:AD::fG: GD 
:: 1 :3 
or, fG=:^GD=iDf and DG=iDf 
Similarly eG=^iAe, and AG=^Ae 

Or, to find the center of gravity of a triangular pyramid, we 
must draw a line from any one of the solid angles to the center 
of gravity of the opposite face, and measure f of that line from 
the angle for the point required. 

Ex. 5. To find the cemter of gravity of a pyramid whose 
base is any polygon. 

Let BCDEFhe the polygon which is the base of the pyra- 
mid whose vertex is A. Joining CF and DF, we divide the 
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polygon into triangles, and planes 
passing through CF, DF, and the 
vertex A, will divide the pyramid 
into triangular pyramids. Draw- 
ing a line from A to the center of 
gravity oitmy one of the triangular 
bases, and measuring | of that line 
from A, we shall have the center 
of gravity of the triangular pyra- , 
mid on that base. If we take a 
plane ficc^e/' through this point pa- 
rallel to the base, it will cut all 
lines drawn from A to the poly- 
gonal base in the same proportion, and therefore the centers of 
gravity of all the triangular pyramids will be in this plane, and 
consequently the center of gravity of the whole pyramid also, 
because the mass of each pyramid may be considered a heavy 
particle at its center of gravity. 




Again. If jr be the center of gravity of the polygon, and we 
join Aff, it can be shewn that the center of gravity of every sec- 
tion parallel to the base will be in the line Ag, and therefore the 
center of gravity of the whole pyramid will be in this line ; and 
since it is also in the plane bcdef, it is at the point G where Aff 
meets the plane. 

Hence, to find the center of gravity of any pyramid on a 
polygonal base, we must draw a line from the vertex to the 
eenter of gravity of the polygon, and measure | of it from the 
vertex, or i from the base. 



Cor. The above rule holds good whatever may be the 
number of sides of the polygon, and is therefore true when the 
number becomes indefinitely great, or when the base becomes a 
contiaued closed curve, as a circle, an ellipse, oval, &c. Or, the 
center of gravity of a cone, right or oblique, and on any base, is 
found by drawing a line from the vertex of the cone to the 
c^ter of gravity of the base, and measuring J of the line from 
the vertex, or ^ from the baae. 
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Ex. 6. To find the center of gravity ofafnutmm of a cone 
or pyramid^ cut off by a plane parallel to tke base. 

Let the length of the line drawn firom the yertex of the 
cone, when complete, to the center of grayi^ of the base = a. 
Let the length of the same line to where it meets the smaller 
end of the frustum = a . Using the formula of article 35, we 

have 

wheie ir=|a, ^j=|a'. 



^2" 3fa 



Also. Similar solids have their volumes proportional to the 

cubes of their lines similarly situated, and the part of the cone 

or pyramid cut off by a plane paraUel to the base is similar to 

M a^ 
the whole cone or pyramid, therefore we have -rr-^^'-jf 

3y 



and M^=M-'M^=M{1~) 

or' 



and ^2^ 



-<-S) 



=} 



a*-a'* 



which gives the distance of the center of gravity from the vertex 
of the cone or pyramid ; and the distance from the center of 
gravity of the base along the same line is 

Ex. 7. To find the center of gravity of the perimeter of a 
given triangle in terms of the co-ordinates of its angular points. 

We suppose the perimeter of the triangle to be three- uni- 
form physical lines whose weights are proportional to their 
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lengths. Let a, 6, c be the sides respec- 
tively opposite to the angles A^ B, C. p 
The centers of gravity will be each at 
the middle point of the side, as at g^^ g^f 
g^y in the figure. 

Let Xi ffi be co-ordinates of ^ to origin O 

x^y^ . . . B ^ 

x^y^ • . . C ' 

then the co-ordinates of g^ are iC^a+ajg), ^(^2+^3) 

^aarei(a:i + jP3), ^yj+ys) 

g^Bxe^ix^-^-x^, iCyi+ya) 

and iCy y being the co-ordinates required, the formulas of article 
34 give us 

a(a?a-fa?3)-h6(a?i-ha?3)-hc(jCi-fa?a) 

,^._ g(yg-^y3)-^%l-^y3)-^gCyl-^;^) 

Ex. 8. To find the co-ordinatet of the center of gravity of 
a triangular plate. 

Let x^y^j x^y^y x^y^y be the co- 
ordinates of the points Ay Bf Cy re- 
spectively. 

Let the line AD bisect BCinD; 
the center of gravity being G, we 
have AG=^AD, The co-ordinates 
of jD are i{x^-\-x^)y iCya+ya); and 
if x=ONy y^GNy be the co-ordi- 
nates of Gy we have 

ON^OL-^-^OM-OL) 

GN= AL + §(i)M - AL) ; 

or, cr=j?i +f {K^a+ara)— a?i} 

=K^l+^2 + ^3) 

Similarly, y =i(yi +^2+^3) 

Ex. 9. To find the center of gravity of the surface of a right 
cone. 

We consider the surface of the cone as a sheet of matter 
equally dense at every point; and as it is symmetrical with 

E 
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respect to the axis of the cone, its center of 
gravity must be in that line. 

Again. If we draw the straight lines 
Abi Ac from the vertex to the circumference 
of the base, so that 6 c is an indefinitely 
small arc, the center of gravity {g) of the 
triangle ^ 6c is at a distance Ag from 
A^^Ah. This is true for every such ele- b 
mentary triangle which can be formed on 
the surface of the cone ; or their centers of gravity are in a cirde 
whose center is {O) in the axis AD oi the cone, such that 
AO^^AD; and G is the center of gravity of the surface of the 
cone required. 




b c 



EXAMPLES ON THE PRECEDING CHAPTERS. 

Ex. 1* Two beams, connected together at a given angle, 
turn about a horizontal axis at their point of meeting ; find the 
position of equilibrium which they will take by the action of 
their own weights. 



Let AC, B C he the beams 
suspended from C, and inclined to 
each other at an angle a. Since 
C is a fixed point, the only con- 
dition of equilibrium is, that the 
moments of the weights about C 
may balance. 



Let giy ^2 ^® centers of gravity of the beams, and g^C=af 
g^C=b. Let Wi= weight of beam A C acting at gi^ w^ that of 
BC acting at g^. Draw MCN^ a horizontal line, meeting the 
vertical lines in which the weights of the beams act in M and N. 

In equilibrium we have w^ x CM^w^ x CN. Let tf = angle 
BCN, which is to be found ; we have 
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Wi X Cgi cos, ACM=W2 x Cg^ cos. BCN 
or, w^acos.{l8O'-a-\-0)=W2bcos. 

1. X /I t^oft+tt^iacos. a 

whence tan. 5=-^ K —- 

Wi a sin. a 

which gives the position of the beam as required. 

Ex. 2. When a given weight ( JF) is hung from the end of 
one of the beams (J), as in the last question, shew that 

^_^ W2b-\-{W.AC'\'Wia)cos.oc 
(fF.AC-^Wia) Bin. ot 

Ex. 3. Two beams, as in Ex. 1, are suspended from {B) 
one end: shew that if ^ be the angle which the upper one makes 
with a horizontal line, we have, in equilibrium, 

. ^ _ (e(?i -h w<^B C— (tf?2 ft -H ^^1^ cos, a) 

w^a sin. a 

Ex. 4. Two spheres of imequal 
radii, but of the same material, are 
placed in a hemispherical bowl; find 
the position they take when in equili- 
brium. 

N.B. — This, and similar problems 
of bodies resting in equiKbrium in a 
hemispherical bowl, can be reduced to problems like the pre- 
ceding. For if the center of the hemisphere C in the figure 
were a fixed point, and connected by rigid rods ACy BC, with- 
out weight, to the centers of the spheres, we might suppose the 
hemisphere removed without changing the conditions of equili- 
brium. 

Let Wi and w^ be the weights of the spheres A and B, whose 
radii are r^ and r^ respectively. Let It be the radius of the 
bowl. Then if the angle ACB=^et in triangl^ ABC, we have 
^5=rj + r2, AC-R-r^, BC^R-^r^, and 

AC^-{'BG^-AB^ 




cos. a = 



2AC.BC 






, which gives a. 
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The position of the spheres will be known if the angle BCl 
be known ; let it = 0. The weights are proportional to thi 
volumes of the spheres, or to the cubes of the radii ; 



or 



w-, r 3 



i — ^=-^, and Wy X CM=w» x CN 

or, M?i(Jft-ri)cos. (180-a-f ^) = W2(-K-^2)cos. 6 
whence tan. g^^2^(^-^a)+ V(-«-Oeos.« 

Ex. 5. A heav}' beam has one end resting against a smooth 
wall, and the other tied to a cord which is fastened at a point 
directly above the point where the beam rests; find the forces 
which keep the beam in equilibrium. 

Let CB be the beam in the figure, AB the cord ; 
A and C being points on the wall. The weight of 
the beam {w)y the distance (^Cg^a) of the center of 
gravity from the end against the wall, the length of p 
the beam (Z), the length of the cord (c), and the dis- >^ 
tance (A) of the points A and C must be given. The 
angles A^ -B, C, will be known. 

Let t = the tension in the cord. 

The beam will press at C against the wall, and we 
may resolve this pressure into a vertical and horizon- 
tal part; the latter, perpendicular to the wall, will 
be destroyed by its reaction; but since the wall is 
smooth, the vertical component can be balanced only by an 
opposite force P. 

If we take into account all the forces which act on the beam 
we may treat it as a free body in equilibrium from their action 
and apply the conditions of equilibrium investigated in Chap 
ter IV., namely : 

X{Xy-Yx):=0 

Therefore, resolving the forces vertically and horizontally, w 
have 
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P-\-tcos.J—w=0 (1) 

R—tsin.A=0 {2) 

Since the couples may be moved about any way in their 
own plane, we may take the moment about any point where we 
avoid moments of the unknown forces ; therefore, taking the 
moments about C, we have 

IV X sin. Cx Cg^txsin.Bx CB=0 

a. sin. C 



or, t=^w 



Lsin.B 



a c 

/ h 

which gives the tension in the cord. 

Substituting in the equations (1) and (2), we have 

o c 
iJsxo;— --sin. Jf, which gives the pressure against the wall. 
In 

CL C 

P=w{l — — - COS. A)y which gives P as required. 



Ex, 6. A heavy beam rests upon a peg, with one end 
against a smooth vertical wall ; find the position of equilibrium. 

Let ACB be the beam, resting at 
A against the vertical wall ADEy and 
upon the peg C. 

The center of gravity, whem there 
is equilibrium, will be evidently at 
some point, as g^ beyond C from A. 

r 

Let «?= the weight of the beam; 
5= reaction of the wall perpendicular 

to itself at A; jR'= reaction of the peg perpendicular to the 
beam at C. These three forces keep the beam in equilibrium 
when making some angle 6, with the horizontal direction, 
which is to be found. 

Let Ag^^Uy and CD=ib= perpendicular distance of the 
peg from the wall, which must be given. 
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Resolving the forces horizontally and yerticaUy, we have 

iJ-ii' sin. ^=0 (1) 

^-ii'cos.^=0 (2) 

Taking the moments about C, we have 

^•C^cos.^-iJ.Ci).tan.^=0 (S) 

or, «7(a— isecant. ^)cos. ^— iii.tan. ^=0 
Multiply (1) by cos. 0^ (2) by sin. 0, and subtract, and we have 

iecos.^-?rsin.^=0 
.*. R^w tan. 
Substituting, «(?(a— 6 sec. 0) cos. 0—wb tan.^ ^=0 
or, acos. ^— 6(1+ tan.2^)=0 

8 J — 

whence, cos. 0=\/ - and b must be less than a. 

▼ a 

Ex. 7. Prove that in the last question the same result is 
obtained if we resolve parallel and perpendicular to the beam, 
and take the moments about either -^ or ^ in place of C 

Ex. 8. A heavy beam lies partly in a smooth hemisphe- 
rical bowl and partly over one edge: find the position of equili- 
brium. 



Let ABC be the beam, rest- 
ing on the surface of the hemi- 
spherical bowl at A, and on the 
edge at JB. n 

Let O be the center of the 
bowl DAB^ whose radius = r, 
and BOD horizontal. 

The center of gravity of the 
beam will be at some point g within the bowl. Let Ay=a. 

The beam is supported, by the reaction of the bowl at A 
perpendicular to the siuface, or in AO^ let it = iJ; by the re- 
action of the edge at B perpendicular to the beam, let it = JR'; 
and by the weight of the beam (w) acting at g. 
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Let 0= angle AJBO =: angle BAO^ which is to be found. 

By the artifice of resolving in the direction of the beam and 
taking moments about By we avoid expressions involving the 
unknown reaction R\ and have, parallel to AB^ 

R COS. d—w sin. ^=0 

or, JS=«?tan, 6, 

For moments about B^ 

R . AB sin. 0—w. Bg cos. ^ = 
or, jR.2r COS. d.sin. d'—w{2r cos. O—d) cos. ^=0 
Substituting for R^ and omitting the common factors, 

2rtan. ^.sin. ^— ^rcos. d + o=0 
whence 2r— 4rcQs.2d + a cos. ^=0 



8r 



or, cos 
in which the + sign only is admissible. 

Ex. 9. Solve the last example by following the method of 
article 24 in every step ; taking A for the origin of co-ordinates, 
and AB for the axis of x. 

Ex. 10. Find the horizontal strain on the hinges of a given 
door, and shew that the vertical pressures are indeterminate. 



Let the figure annexed represent 
the door, of which the hinges are A 
and B. 



R, 

A 



Let g be the center of gravity at q,^__ J 
which the weight {w) of the door acts. 



The door is in equilibrium from its 
weight w at g^ and the reactions of the 
hinges represented by the oblique ar- 
rows at A and B. 

Let A be the origin of co-ordinates 
as in the figure ; Ax the axis of x ; Ay 



y 






9 



E^ 



X 



w 
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the axis of y; and let aj=a, y=6 be the co-ordinates of ^, 
x^O^y^h those of the hinge B. 

Let the resolved parts^ of the reactions at B be Qj horizon- 
tally, and R^ vertically, and let Qq, R^ be those at A respec- 
tively, as in figure. 

Then, X{X)^Q^Q^-Q^ or, Qi = Qa (1) 

2'(Xy-rj?)=0=«;.a-Qi.A (3) 

From (3) and (1) we have 

which gives the horizontal strain; and it is the same at each 
hinge in magnitude, but opposite in direction. 

Again. From (2) we have R^-^R^^w; but we have no 
other relation to enable us to determine the separate values of 
i2i and R^ which are therefore indeterminate. 

Ex. 11. Two given smooth spheres rest in contact on two 
smooth planes, inclined at given angles to the horizon ; to find 
their position of equilibrium. 



Let AB, AC he 
the planes, making the 
angles ct and /3 respec- 
tively with the hori- 
zontal line through A, 




Let Oj, O2 be the^ 
centers of the spheres 
at which their weights 
ti?i and W2 respectively act. 



Let i2i and R^ be the reactions of the planes at the points 
of contact, perpendicular to themselves, and therefore passing 
through the centers of the spheres to which they are tangents. 
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Liet S equal the mutual pressure of the spheres at their point 
of contact, acting in the line passing through their centers ; let 
this line Oq Oj D make the angle ivith the horizontal line 
AZ>» It is required to find 0. 

!Each sphere is in equilibrium from its own weight, the 
reaction of the plane against which it rests, and the pressure of 
the other sphere. By the artifice of resolving in the directions 
of each plane for the equilibrium of each sphere, we avoid equa- 
tions involving the unknown reactions Ri and R^, and have, in 
the direction of AB, 

Wjsin. a— iScos. (a— ^=0 (1) 

in direction o£AC, 

Wism.fi-Sco8.(fi+0)^O (2) 

Eliminating S, we have 

w^ sin. a • COS. (fi-\-0)=:wi sin. fi . cos. («— ^) 

V . /j^Wjsin. a.cos.yS— tt^isin. )8.cos. « 

wnence tan. u^— 7 ; r — ; : — t^ 

(Wi 4- Wjj) sm. a , sin. p 

_ 1^2 cot. fi—Wi cot. a 

Ex. 12. A sphere is sustained upon an inclined plane by 
the pressure of a beam movable about the lowest point of the 
inclined plane ; given the position of the beam, required that of 
the plane. 

Let AgB be the beam, 
movable about A, 

Let w = weight of the 
beam, acting at its center of 
gravity^/ B the point of con- 
tact with the sphere, whose 
centre is C; let «(?'= weight of a 
the sphere. 

The sphere is in equilibrium, from the reaction {JR) of the 
plane at the point of contact, from the pressure (P) of the beam 
at Bf and from its own weight; these three forces all act 
through the center C. 
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Let Ag^Qj AB^^h^ axigle £AD^ which the beam makes 
with the plane, =:«, these axe given; or, in place of either one 
of the two latter, we may have the radius of the sphere given* 

Let the angle DAE=0 the elevation of the inclined plane, 
which is to be found when there is equilibrium. 

For the condition of equilibrium of the beam, taking mo- 
ments about A, 

PxAB=w.Agcos.a + 



a 



or, P=ti?-- cos. a + d 



For the condition of equilibrium of the sphere, resolving the 
forces in the direction of AD, we have 

w sin. 0—Psin. a=0 



a . 



or, w' sin. O—w 7 sin a. cos. a + tf =0 





whence tan. 0= 



w a COS. oc . sm. ol 



which gives 0, the elevation of the plane as required. 

Ex. 13. A heavy beam turns about a hinge at the lower 
end, with the other end pressing on an inclined plane, a part of 
the surface of a body which rests on a smooth horizontal plane 
passing through the hinge ; find the horizontal force necessary to 
keep the body from moving. 



Let B CD be the body 
resting on the smooth hori- 
zontal plane A CD. Let 
-^-B be the beam turning 
about the hinge at A; letg 
be the center of gravity of 
the beam, at which its weight 
{w) acts. 

The body is to be in equi- 
librium from the pressure of 
the beam upon it at B, and a 
horizontal force (F) acting at 



fig. 1. 



R 
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some point K; and the beam is to be in equilibrium from the 
reaction {R) of the inclined plane upon it at B^ and its own 
weight acting at g. 

The point 5 is in equilibrium, from the reaction (J2) per- 
pendicular to the inclined plane, the reaction {R) of the beam 
in the direction of its length, and a force (P) acting perpendicu- 
larly to ABy arising from the moment of its weight {w) about A. 

Taking the moments about A for the equilibrium of the 
beam, we avoid expressions involving B!^ and have 

w.Agcos.g AC^R.ABsm,ABB=^0 

Let the angle BAC=I3, the angle of the inclined plane with 
CD=ct, Ag=a, AB-l; 

then R—w^ r^ — 3^ (1) 

/cos. {oL—p) ^ ' 

To find R in terms of F we must consider the conditions of 
equilibrium of a right-angled triangular wedge sliding along a 
smooth plane, as CD^ figure 2, from the action of a force (jP) 
acting parallel to CD^ a pressure {R) perpendicular to CB at By 
and the reaction of the plane CD. If Bn be pe]2)endicular to 
CBy and Bm to CD, these three forces will be proportional to 
the sides of the triangle Bmn respectively. 

Resolving parallel to CD, we have 

Rsm.BCD-F^Q 

F 

or, in figure 1, i2=-r 



sm. a 
Substituting in (1), we have 

^ a sin. a. COS. iS 
l COS. (a— p) 

which gives the horizontal force required. 

Ex. 14. Solve the last example by taking the conditions of 
equilibrium at the point B; and shew that the whole pressure 

on the hinge ^=«(;{sin./S+-cos.^.tan.(a— )8)}. 

V 
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£x. 15. A beam turning about a hinge is supported in 
equilibrium by the tension in a cord tied to its lower end : the 
cord passes over a pulley in the same horizontal line with the 
hinge, and sustains a given weight ; find the position of equili- 
brium of the beam. 

In the previous examples we obtained ^ 
the solution from the equations for equili- pr- 
brium only, but many statical problems | 
require, for the determination of all the un- i \ 
known quantities, equations to be formed^ \' 
from geometrical conditions also, of which \iJ 
this simple problem is an example. 

Let A be the hinge, C the pulley, and 
JC=c. 

Let AJB be the beam, whose length = /, g its center of gra- 
vity at which its weight {w) acts, and Ag=a. 

Let P be the weight hung from the cord, which is equal to 
the tension (t) in the cord. 

Let ^= angle CBAy <}>=: angle CAB ; these are both unknown 
quantities. 

Taking moments about A^ we have 

t . AB sin. 0^w. Ag cos. ^ 

or, sin. ^= p. ,-. cos. ^ (1) 

From the geometrical data we have 

sin. ^AC 
sin. ACB^AB 

. or, sin. ^= J. sin. (^+^) (2) 

If 

The equations (1) and (2) suffice to determine and <^. 

Ex. 16. A uniform beam rests with its lower end in a 
smooth hemispherical bowl, and its upper end against a smooth 
vertical plane ; find the position of equilibrium. 
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Let AB be the beam resting 
^inst the vertical plane at Ay and 
pon the bowl at B, 

Let C be the center of the bowl ; 
WF a horizontal diameter which, 
eing produced, meets the vertical 
lane at D, 

Let the radius of the bowl=r; 
f5= length of the beam = Z; Ag^-y since the beam is uniform; 
>=its weight; let also CD^d; these must be given. 

Let angle BCE=^dy and let ^= angle of the beam with the 
orizon ; these have to be determined. 

The beam is supported by its weight {w) acting at g, the 
eaction (it') of the plane perpendicular to itself at Ay and the 
eaction (J2) in the radius CB. 

Resolving vertically, we have 

72. sin. ^— 1£;=.0 



or, jR=-: 



w 



(1) 



sin.d 
Taking the moments about A, we have 

jR.-^-B.sin. {0'-<f>)'-w.Ag»cos. <^=0 
therefore *i^(^>-^=0 

This equation containing two unknown quantities, we require 
till a geometrical relation between them. • ^ 

Let Cm be a vertical line meeting AB in m ; 

cos. _ Bm _ AB—Am 
cos. ^ BC r 

I — d,sec,(f> 

r 

^ /.COS. 6— d ,_ 

.'. cos. ^= ~ (2) 



62 ELEMENTARY MECHANICS. 

From (1) we have cos. <^— cot. d.sin. ^— ^cos. 0=0 

or, tan. 0=33 tan. 
These two equations suffice to determine ^ and 6 as required. 

Ex. 17. A weight {w) hangs from one end of a cord, of 
which the other end is fastened to a vertical wall: the cord is 
pushed from the wall by a rod tied to it^ which is perpendicular 
to the wall. Shew that if the cord, where it is fixed to the 
wall; makes an angle a with it, and R be the pressure of the 
rod on the wall, then 

-B=«(;.tan. a 

Ex. 18. A heavy beam lies with its upper end against a 
smooth vertical plane, and its lower end on a smooth horizontal 
one. Shew that if the beam makes an angle a with horizontal 
direction, its length being Z, and weight w^ and the distance of 
its center of gravity from the lower end being a; then the fwrcc 
required to be applied horizontally at its lower end to maintain 

the equilibriimi being jP, we have F^w - cot. a = the pressure 

against the vertical wall. Shew also that the pressure on the 
horizontal plane = w. 

Ex. 19. A body is suspended by a cord of given length 
from a point in a horizontal plane, and is thrust out of its verti- 
cal position by a rod, without weight, acting from another point 
in the plane ; shew that if ^ = the tension in the cord, tr = the 
weight of the body, /= the length of the cord, d= the distance 
of the two points, and 6 be the angle which the rod makes with 
the borizon, 

t^w- cot. 6 
a 

Ex. 20. A triangular plate of uniform thickness and density 
is supported horizontally by a prop at each angle; shew, by 
drawing perpendiculars on the sides respectively, from the oppo- 
site angles and the center of gravity, that the pressure on each 
prop = J the weight of the plate. 



CHAPTER VI. 

ON THE ELEMENTARY MACHINES, OR MECHANICAL POWERS. 

The effects of forces in practical mechanics are continually 
modified through the agency of instruments which we call 
machines. 

The simplest of these instruments are Cords and Rods^ 
which, with hard planes^ may be considered as forming, by 
their combinations and recombinations, all other machines, 
however complicated. 

Cords are considered in the first instance as without weight, 
and perfectly flexible. A cord transfers the action of a jmlt-- 
ing force^ applied at one extremity, to any other point in it, 
unchanged in magnitude, ,as long as it is in a straight line to 
that other point, or only passes over smooth obstacles without 
friction. The force which is thus transmitted along the cord we 
call the tension in the cord. 

Rods are considered in the first instance as without weight, 
and inflexible or rigid. They transmit the action of either a 
pulling or a pushing force in the line joining their extremities 
unchanged in magnitude. The force which is transmitted along 
this line we call the reaction of the rod. 

The machines which are next in simplicity to simple cords 
and rods are called the Mechanical Powers. They comprise the 
Lever, the Wheel and Axle, Toothed Wheels, the Pulley, the 
Inclined Plane, the Wedge, and the Screw. 

ON THE LEVER. 

The simple lever is a straight rod, having a fixed point some- 
where in its length, and supposed without weight. The fixed 
point about which the lever may freely turn is called its fulcrum. 
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The conditions of equilibrium of any heavy lever maj 
reduced to those of a lever without weight, by taking the we 
of the lever itself, acting at its center of gravity, with the o 
forces producing equilibrium. 

The arms of a lever are the portions of it on each side of 
fulcrum. When the arms are not in the same straight line, 
called a hent lever. 




The mechanical powers being ^ 
most familiar to us as employed T 
to support or raise heavy bodies | 
or weights, it is usual to call one 
of the forces the Power ^ and the 
other the Weight. 



Levers have been divided into 
three kinds according to the rela* 
tive positions of the Power, the 
Weight, and the Fulcrum. 

Figure 1 is an example of a 
lever of the Jirst kind, AB being 
the lever, C its fulcrum ; the power 
(P) and weight ( W) acting on op- 
posite sides of the fulcrum. 

Figure 2 i& an example of a 
lever of the second kind, AC being 
the lever, C the fulcrum; the 
power (P) and the weight {W) 
acting on the same side of the ful- 
crum, but W nearer to it. 

Figure 3 is an example of a 
lever of the third kind, 5 C being 
the lever, C the fulcrum ; the 
power (P) and the weight {W) 
acting on the same side of the ful- 
crum, but the power nearer to it. 



fig. I. 



H 



fig. 2. 





fig. 3. 



B 
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A crow-bar^ accoriling to the Way in which it is used, ur li 
lever of the first or second kind. Scissors and carpenter's pineeri 
are examples of double levers of the first kind. An oar is an 
example of a lever of the second kind, the fulcrum being a poltit 
in the blade of the oar which rests for an instant stationary in 
the water. Nut-Backers are double levers of the second kind. 

Tongs y shears, &c., are double levers of the third kind. The 
bones of the arm act as levers of the third kind. 

37. Prop. To find the condition of equilibrium when two 
parallel forces act upon a straight lever, and to find the pressure 
on the fulcrum. 

Since the fulcrum is a fixed point, the only effect of either 
of the forces tends to turn the lever round this point, and, in 
equilibrium, the tendency to turn it one way round must be 
balanced by an equal tendency to turn it the other way round ; 
or, the moments of the forces about the fulcrum must be equal 
and opposite. 

If a be the angle which they make 
with it, we must have, in both figures, 
P.-4Csinra=Q.5Csin. a 

P.AC=Q.BC 
P^£C 
''''' Q^AC p 

which being independent of a, there 
will be equilibrium in every inclina- 
tion of the lever to the forces if there 
be equilibrium in any one ; and the 
forces are inversely a>s the distances 
from the fulcrum at which they act 

We may solve this proposition by 
going through all the steps of Article 
12, Chap. II.; for, in equilibrium, 
the resultant of the two parallel forces 
must pass through the fulcrum, and 
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be destroyed by its reaction ; therefore the pressure on the ful- 
crum is always equal to the algebraic sum of the parallel f(»rces, 
and acts in the direction of the greater force, when they are op* 
posite. 

38. Prop, To find the condition of equilibrium when any 
two forces in the same plane act upon a straight levers and the 
pressure on the fulcrum. 

Let the forces P and Q 
make the angles a and /3 re- 
spectively with the lever, as in 
the figures, and let their direc- 
tions when produced, if neces- 
sa;ry, meet in D. Since their 
moments about C must be equal 
und opposite when there is equi- 
librium, we must have 

P.^Csin.a=Q.5Csin.i8 ^^.2. 

For the pressure on the fulcrum 
and its direction we must find 
the magnitude (iJ) of the result- 
ant of P and Q, and the angle 
it makes with AB; since in equi- 
librium it must be destroyed by 

the reaction of the fulcrum. 

p 

By Article 7 we have, in figure 1, 

jj2=p2^. Q2+2PQ cos. ^2)JS 

and ^2)J?=180-»-i8 




.-" 




.-. ii2-:p2^.Q2-2PQcOS.(« + /3) 

In figure 2, ADB^^—ol, and ADQL is the angle between 

the forces. 

.-. ii2=P2+Q2-2PQ cos. 08-«) 

To find the inclination {&) of J? to the lever, in figure K By 
resolving parallel and perpendicular to the lever, taking jB the 
reaction of the fulcrum opposite to the resultant of the forces^ 
we have 
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P COS. a— Q COS./8 +7i COS. ^=0 
Psiii.a-f Q sin. /8—-B sin. ^=0 



(1) 

(2) 



From these equations (1) and (^) we have 

^ Psin.«-|»Ogin.)8 

tan. (/=7? s^ — s 

Qcos.p— Pcos.a 

rhich gives 0. A similar expression may be found for the 
Dwer figure. 

39. Prop. To find the condition& of equiUbfium when two 
Trees in the seme pkune act in any manner on a lever of any 
orm. 

If P and Q, acting as in the 
gures at A and B respectively, 
»e in equilibrium about the ful- 
rum Cf and we draw perpendicu- 
ira, CMf CN, upon their direc- 
ions^ we have, by the equality of 
loments about C, 

PxCM^QxCN 

P CN 

r, in equilibrium the forces are 
aversely as the perpendiculars 
ipon their directions from the 
olcrum. 

When the directions of P and p 
2, with respect to any given straight line thrcMigh C, are known, 
be magnitude and direction of the pressure on the fulcrum can 
»e found as in the last proposition. 

40. Prop. To find the condition of equilibrium and thepres- 
ure on the fulcrum when any number of forces act in any man-* 
ier^ in one plane, on a lever of any form. 





Let Pi, Pg, P3, &c. be the forces acting in the plane of the 
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figure at the amis CA^ CB, CD, &c. 
respectively, or at the points A, B, 
D, &c. in a plane turning about an 
axis through C perpendicular to it. 

Take any two lines perpendicular 
to each other through C, as Cx, Cy, 
for the axes of co-ordinates. 

Let P be any one gf the forces 

which makes the angle a with Cx, 

and let Xy y be the co-ordinates of its point of application. 

Then proceeding as in Article 24, we shall have, 

at Cy in Cxy a force =5(Pcos.a) 
at C, in Cyy . . ' =5(Psin.a) 

and a resultant couple whose moment must = when there is 
equilibrium, or we must have 

5(Pcos.a.y— Psin.a.j?)=0 

The resultant force at C will be destroyed by the reaction of 
the fulcrum, and we have the pressure {R) upon the fulcrum 
from the equation 

iJ= i/{2(Pcos.a)}2-|- {J(Psin.«)}« 

If R makes an angle with Cxy we have 

^ 5(Psin.a) 
2(Pcos.a) 



ON THE WHEEL AND AXLE. 



41. This machine consists of a 
wheel, ABy firmly fixed to a cylinder 
or axle, CDEFy with a common axis, 
GH. The points or extremities G go 
?ind H of the axis generally turn in 
steps which support the whole ; and 
the forces act by cords which are 
wrapped round the wheel and the 
axle. 




STATICS. 



69 



The annexed figure being an end 
lew, we see that by drawing a hori^ 
sontal line through the center of tha 
Lxis C, we have the power (P) and 
he weight ( W) acting at A and B, 
he extremities of a straight lever 
iCB; and in equilibrium we must 
lave their moments about C equal 
md opposite; or, 

PxAC^WxBC 
W AC 




The same relation will exist if the wheel and axle be turned 
ound either way; so that the machine may be called a perpetual 
ever. Also P and W being forces equal respectively to P 
ind W^ there will be equilibrium at whatever points the cords 
eave tiie wheel and axle respectively, since the moments about 
? remain the same as before. 



ON TOOTHED WHEELS. 



/ 



42. Toothed or Cogged 
Wheels are thin cylinders, on 
he circumference of which are 
)rojections called teeth or cogs^ 
LS in . the figure. If two such 
wheels have their cogs set at 
iqual distances they will work 
ogether, and if one be set in 
notion it will communicate mo- 
ion to the other through the 
nutual pressure of the cogs 
vhich are at any instant in 
:ontact. 



Let S be this mutual pressure in the figure, which acts in 
the line Srri mS, a common normal to the cogs at their ijomt o€ 
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contact; Cm^ Cm being perpendiculars from tb^ ^^leiitav C> 
C of the wheels upon that line. 

Let the power (P) act by ^ weight from a cord wrapped 
round an axle with center C and radius C ^^ and let the 
weight (JV) act similarly from ai^ axle with ceKter Q ^qtiid x^\» 
CB. 

Taking the moments about C\ we have, in equilibrium^ 

PxCA^SxCm' 
and about C, 

WxCB^SxCm 

Dividing the latter by the former, we have 

W CA Cm 



P CB CW 

Now, if the ai^es from which P and W act axe of equal ridii» 
the efiect of the combination will depend on the cogfwliefib 
only, and we have then 

JV Cm 



r.^J 



P Cni 

Let Sni mS meet the line joining the centers C, C, in o, 
then the triangles Cm'oy Cmo vnUl be similar, and 

Cm^_Co_ W 
C'd'^Co'^ P 

Let the dotted circles be described with radii Co^ C'o^ theie 
are called the pitch-lines of the wheels, which roll unifor^ily 
upon each other, when the cogs are made of a proper form. In 
planning wheel-work these pitch-lines are first laid down, and 
the places of the cogs marked at the same equal distances upon 
each ; their radii are to be so taken that there may be the requi* 
site number of cogs on each circumference; and as they are at 
equal distances, their number v^l be in proportion to the eir« 
cumference. 

W Co circumference to radius Co 
• • p c'o^ circumference to radius Co 

number of teeth in wheel of W 
number of teeth in wheel of P 
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The form of the teetii most used in machinery is, that the 
inner part is formed by radii from the center of the wheels and 
the outer part epicycloidal curves ; the bottoms of the spaces 
being rounded to give strength to the teeth. See Willis's Prin' 
ciples ofMeehanism. 

There are several f(H*ms of toothed wheels, which are all sub- 
ject to the above rule. When the teeth project from the flat 
face of the wheel instead of the edge, they fonu the crown wheel. 
When the wheel contains v^y few teeth it is called a piniorif 
and its teeth or cogs are then called leaves. These forms may 
be seen in most watches. 

In the preceding instances the axes of the wheels working 
together were either parallel, as 
in the first form, or at right angles 
to each other, as in the crown 
wheel and pinion. But wheels 
are in continual use in which the 
axes form any given angles, and 
the Cogs are then placed on thin 
frustums of cones, as in the figure, 
in place of cylinders ; and the wheels are called bevelled wheels. 




ON THE PULLEY AND SYSTEMS OF PULLIES. 

43. The pulley is a small wheel with a groove on its edge 
to admit a cord which passes over it ; it turns round an axis or 
pivot through its center, which is fastened to the frame-work, 
called the blocks in which the pulley moves. It is called a move- 
able or a, fixed pulley, according as the block is moveable or fixed. 

A fixed pulley serves merely to change 
the direction of the force in the cord passing 
over it; for, neglecting the friction of the 
pulley, the tension of the cord must be the 
same in every part. 

44. Prop. To find the relation of the power to the weight in 
the single moveable pulley with the cords parallel. 




7^ 
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The annexed system, consisting of a move- 
able pulley from which the weight {W) is 
suspended, and a fixed pulley over which the 
cord sustaining the power (JP) passes, has the 
other end fastened at A. 

Since the cord is supposed to pass freely 
over the puUies, the tension will be the same 
at every point, and the two vertical cords 
from the moveable pulley sustain TF; 



or, if t = the tension, 2t = W=: 2P 

If we take into account the weight of the movable pulley, 
we may either add this weight (w) to Wy or we may suppose 
the pulley counterpoised by a weight suspended with P but 
not reckoned with it. 

Taking W-\-to= the whole weight sustained by the tension 
of the two vertical cords, we have 

2t=zW+w 



or, P= 



2 



45. Prop. To find the relation of the power to the weight in 
the single moveable pulley with the cords inclined. 



Let t = the tension in 
cord, which, being fastened 
at Ay passes freely over the 
moveable pulley, sustaining 
the weight {W) and the 
fixed pulley; and is there- 
fore the same at every part 
of the cord, and equals the 
power (P). 



Let w = the weight of the 
moveable pulley ; a = the angle which the inclined cords make 




STATICS. 



73 



with the vertical direction^ and which is the same for both cords^ 
since the resultant of the two equal tensions must be a vertical 
force sustaining W and the weight of the pulley. 

Therefore, resolving in the vertical direction, we have 

or, P^a 

2 cos. a 

If w be neglected, or counterpoised independently, we have 

W 



P= 



2 COS. a 



We note here, that the two parts of the cord can never be 
drawn into one straight line, or a become 90®, whilst P and W 
remain finite, however great P may be, and however jsmall W 
may be. 

Amongst the various ways in which pullies can be combined, 
there are three which have been called the first, second, and 
third systems of pullies. 

46. To find the relation of the power to the weight in a com- 
Unation of pullies ^ with the cords parallel y where the power at 
each pulley acts as weight to the next above 
it> This is called the first system of pullies. 

The figure represents this system with 
three moveable pullies, a^, 02, and O3. Let 
W be the weight, supported at the block of 
the pulley a^ and P the power, acting at the 
last cord after passing over the fixed pulley. 

Let Wi, W2, w^ be the weights of the 
pullies «!, flj, 03 respectively. * Let t^ be the 
tension in the cord passing round the pulley 
a,, tti that in the cord round an, ^o that in 



the cord rotmd a^l 



V "3 



Then, for the equilibrium of a^ we have 
2ti=:W-\-w^ 




n 



or, t = — j-_I 

«^inlibihaii cf a, we hsve 

2^ = f^+r^ 



-' ■•=?+? t 



W^ «", v^ 

= — I — --l — - 

^ ^^luKbrium of a, we have 

.j^i«ii«iv^ the relation of P to »^ as required. 

Xi wo ^^alern contsdns » moveable pnllies, we have, similarly^ 

It ^ l^l^es are all equal, and their wei^ts each equal to 

1 14 lUud^^^Wiu a part of the power is expended in sustaining 
a^ l^iu^l**^ tf tb^ pullies be counterpoised independently, we 



I . . rKCV% 't\kjmi the relation of the power to the weight in 

. ..t/M.H'*^''* ^(f p^Ui^s in two blocks where the same cord passes 

'«« ; gtfw. This is called the second system of 
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u combination of pullies it 
e in most common use. The 

are airanged in the blocks m 
^ty of ways, but %ure 1 repre- 
le most usual. White' t Pulleg 
lodification of the system, in 

all the pullies of each blocfe 
armed upon one piece of wood 
tal, with their drcumferences 
sroportional to the length of 
vhicb would pass oret them . 
put into use to raise wa^tB, ^ 
t all those in each block would 
the same angular motion, and 
night be then combined into 
heel, by which a great propor- 
f the firiction in the common ~"~-^ 
would be saved. This plan, which pro- 

30 well in a theory constructed upon im- 

t data, baa been found useless in practice, 

liat fertile source of error, the omission of 

ial natural properties, namely, here, the 

ity of all cords, which is continually chang- 

ith the wetness or dryness of the atmo- 

:, and the friction of the cords upon the 

}. Neglecting the fiiction, we shall have 

nsion tbe same at erery part of the cord, and, counting the 

qr of cords at the lower block, we shall have the number 

les the tension which supports the weight {fF) and the 

t of tbe block {w). 

lerefore, if n =i number of cords at tbe iowez block* 
nt=W+ip 
but *=i* 




, as in the figures, the end of the cord be tied to the 
block, the number of pullies in each block will be the 
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same^ =7W, say ; and the number of cords at the lower block will 
be 2mf and then 



2m 2m 

If the weight of the pullies be counterpoised or neglected, 

we have 

W 



48. Prop. To find the relation of the power to the weight w 
a combination of pullies when the cords are par allele and each 
attached to the weight. This is called the third system of 
pullies. 

In this system the uppermost pulley is fixed^c 
and its weight is supported by the beam to 
which they are attached. Let w^ be the weight 
of the pidley a^; w^s w^^ those of the pullies Aq^ 
flg, respectively. Let t^^ t^f t^, t^ be the tensions 
in the cords respectively, an<} 

t^—2t^-\-w^—2P+w^ 

t^=2t^ + W2=:2^P-{-2w^ + iv^ 

t^=z2t^ + w^=^2^P'^2^w^ + 2w^ + Ws 

and ^=^1 + ^2 + ^3 + ^4 

=P(1 + 2 + 22 + 23) +z(;i(l +2 + 22) + 

w^{l+2) + w^ 

=P(24-l)+t(;i(23-l) + «;2(22-l) + 

If the system contains n moveable pullies, 
we shall have, similarly, 

^=P(2«+^-l) + «;i(2«-l)+«;2(2«-i-l) + &c. . . . er«(2-l> 

If the n pullies were of the same weight, Wi^ we should have 
^=P(2«+i-l)4.«;j(2» + 2*-i + 2«-2 + &c. . . . 2)-«Wi 

=P(2»+i-l)+«;i(2«+i-2-w) 

= (P+Wi)(2»+»-l)-(7*+l)«;i 
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In this system the weights of the pullies assist the power. 
Tf they are balanced independently, or neglected, we have 



ON THE INCLINED PLANE. 

When a particle or body is in contact with any hard surface, 
plane or curved, and the forces press it against the surface, the 
normal reaction of the surface is one of the forces concurring to 
produce equilibrium, and must be considered with the other 
forces. 

The inclined plane, as a mechanical power, is supposed per- 
fectly hard and smooth, unless the friction is colisidered ; and 
having some angle of elevation above the horizontal plane, has a 
heavy particle or body resting on it, in equilibrium by the action 
of one or more forces. 

49. Prop. To jfind the conditions of equilibrium when a body 
rests on an inclined plane by the action of a force acting up the 
plane. 

Let the figiure represent a sec- 
tion, ABf of the inclined plane by a 
vertical plane through the body at a. 
XietAC be a horizontal line, and the 
angle BAC=a. ^ 

Let P be the power acting up the 
phuie. It the reaction perpendicular 

to the plane at a, W the weight of the body acting vertically 
downwards. 

These three forces keep the body in equilibrium ; and two 
out of the three quantities W, P, and a, must be given, when 
the other and R are required. Using the method of Article 23, 
taking the axis of x in the plane, the axis of y perpendicular to 
it, vrith a for origin of co-ordinates, we have the equations of 
equilibrium 
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or bete P— IFan. «=© (1> 

B-Wetm.a^O (2) 



Fran any point B in the plane draw BC yerdcal; AB ii 
called the length of the plane, BC its height, and AC its base. 

From (1). -=^=^ 

^ k«gth of the pjane 
~ hdight of the plane 

Fran (2), ^= ^^ of ^h^P^MX^ 
22 base of the plane 

50. Peop. ToJhidtieconJUioHsofequitUMrmmwhenabodj 
is supported an an incUned plane by a force whose directm 
mates an angle e with the plane. 

Pf Wf and It being the forces in 
e^uiEbrium at a, in the %ure, where 
angle PaB^e, angle^ BAC=^ a. Re- 
solving paraUel and perpendicular to the 
plane, we have, in equilibrium, 

Pcos.€-^ W^sin.a^O 

ii+Psin.€- jrcos.a:=0 

W cos. € 

or, ---:= 

P sin. a 
11= Wcos, a— Psin. e 

9 m 

TXT TXT sm. A • sill, e 

= fTcos-a— W — 

cos.€ 

_y C08.(«-h€) 
cos. € 

W coe.€ 
or, -7r= 




R cos.(a+€) 
Ifa+e==90, P^W, andJi=0. 

If 6>90®— a, R is negative, and the body must be on the 
under side of the plane. 
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51. Prop. To Jlnd the conditions of equilibrium when a body 
supported on an inclined plane by a horizontal pushing force^ 

The body being supported on the 
lane at a by the action of the horizon- 
il force P in Pa; resolving, parallel and 
erpendicular to the plane, we have, in 
quilibrium, 

Pcos.«- WtAn.ct=:0 (1) A 

i2-Psin.a- Wcos.ct=0 (2) 

From(l), P=?F tan. a 




or, 



or, 



JF^ AC base of the plane 

__ cot. « -;g^- height of the plane 

From (2), i2= ^cos.a+Psin.a 

_ W 

COS. a 

W^ AC_ base of the plane 

— -cos. ct - -^- length of the plane 



52. Prop. To find the relation between the weights of two 
hodies which rest on two incUned planes having a common summit; 
^ bodies being connected by a cord passing over a pulley at the 
summit; when they are in equilibrium. 

Let a and a' be the bodies whose 
weights are JF and W. Let AB, 
Be be the two planes. Let a = 
angle BAC, fi-mgle BCA, and 
BD a perpendicular on AC. 



K ^ be the tension in the cord 
iBa\ we have, for equilibrium on the 
?lane AB, 



i 


■X 


\ 




>/\* 


Ik 




fv 


> 


f 


D 






w 



ind on plane BCy 



^ = JFsin.a 

^ = »^sin.)8 
.'. M^sin.a=fr'sin.)8 

or W—^W — 
or, w ^^ w ^^ 



80 



ELEMENTARY MECHANICS. 



or, 






AB 
JBC 



or, the weights are proportional to the lengths of the planes on 
which they rest respectively. 



ON THE WEDGE. 

This mechanical power, not less simple than any of the 
others, has been discussed very differently by different writers, 
and those who have given the most elaborate solutions have 
treated it the most erroneously. The student who wishes to 
understand the mode of action of the wedge should consider at- 
tentively the Example 13, page 58, 

53, Prop, To find the conditions of equilibrium on the isO" 
sceles wedge. 

By the wedge, we mean a triangular 
prism whose perpendicular section is an 
isosceles triangle, as in the figure, where 
A is the section of the edge of the prism ; 
AB^ ACy sections of the sides; and CB of 
the bach. The prism is considered hard ^ 
and perfectly smooth, if we do not intro- 
duce the friction as one of the forces in- 
volved. 

Draw AD bisecting the angle of the wedge, and let 
BAD=CAD=ct. Let 2P be the power applied at the back 
of the wedge, which is in equilibrium with the pressures {R) on 
its two sides, which must be equal, and act through the same 
point a in the power's direction, and also perpendicularly to 
the sides of the wedge, since they are supposed perfectly 
smooth. 

Resolving in the vertical direction, we havef 

2i2cos.i2a:^-2P=0 

or, R= 

sm.a 
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P . i back of the wedge 

R side oi the wedge 

which gives the force exerted by the wedge perpendicular to its 
sides. 

If there be more than one force acting on each side of the 
wedge, their resultant in equilibrium must be R^ as thus found ; 
and we require such additional data in order to determine the 
components, as will enable us to solve the triangle of forces 
when one of the forces {R) is known. 

Hatchets, knives, carpenters' chisels, &c. are examples of 
different forms of the wedge. 



ON THE SCREW. 



The Screw consists of a projecting rib or thread passing 
round a cylinder at the same angle with its axis everywhere. 
This screw works in a hollow screw to which it fits. 

54. Prop. To find the conditions of equilibrium on the 
usrew. 

If we suppose one revolution of the thread to be unwrapped, 
it forms an inclined plane, of which the height equals the dis- 
tance of two threads, and the base the circumference of the 
cylinder. 



Let AB C represent the / 
inclined plane formed by / 
the unwrapping of one re- p 
volution of a thread, and 
BC= the distance of two 
contiguous threads, j4C= 
circumference of the cylin- 
der. 

Let a = angle BAC of 
the plane, r = radius of the 
cylinder. 
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The power P acta perpendicularly at the extremity F 
lever, which, turning the screw round, produces a pressure 
the direction of the axis of the cylinder of the screw. In ei 
librium let this pressure be balanced by a weight If. 

Let the arm of the lever of P=FD=a. Let Q be the eq» 
valent force to P at the circumference of the cylinder, so that 



We may suppose a small part wi of W^ to be supported at 
point oiAB; let q be the corresponding part of Q, and let R^ 
the perpendicular reaction of the thread at a. 

Proceeding as in Article 51, we have 

BC 
g'=«;tan.«=H;-j-=; 

distance of two threads 



circumference of the cylinder 
and the same holds for all other points on the plane ; therel 
we have 

-■ J —, distance of two threads 
~ circumference of the cylinder 



p^yp distance of two threads 

circumference described by P in one revolution 
>y_ circumference described by P 
' P ~ distance of two threads 

We note here that the relation of P to W is independent 
the radius of the cylinder on which the thread is wrapped. 



CHAPTER VII. 

ON COMBINATIONS OF THE MECHANICAL POWERS AND 

BALANCES. 

Bt the mechanical advantage of any machine, we mean the num- 
ber of times the weight contains the potoer, or the value of the 

fiaction J, as used in the preceding propositions. 

Recapitulating^ we have for the elementary machines the 
mechanical advantage : 

T ^i_ 1 the arm of the power 

In the lever = -r rrr — • i^ 

the arm oi the weight 

T ^T. v 1 :r 1 the radius of the wheel 

In the wheel and axle = -, j-. ttti: i — 

the radius oi the axle 

J , J , , __ the number of teeth in the wheel of W 

"~ the number of teeth in the wheel of P 

In the single moveable pulley = 2 

In the first system of puUies = 2", where »= number of move- 
able pullies. 

In the second system of pullies = n, where n = number of cords 

at the lower block. 

In the third system of pullies =2*»+i — 1, where n = number of 

moveable pullies. 

T ^i_ . ,. 1 , the length of the plane 

In the mchned plane = 7^ — r— - 1^ /. ^1 — S 

^ the height ot the plane 

T ,, :, the side of the wedge 

In tne wed&re ^^^ ^ *-' 

° half the back of the wedge 

X ^, the circumference described by the power 

In the screw =: —. — r- 1 » 1 r~ 

the distance between two contiguous threads 
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55. Prop. To find ihe mechanical advantage of a combina- 
tion of any number of elementary machines. 

We may suppose the machines to be comiected together by 
cords or rigid rods, and the tension or reaction in any cord or 
rod will be the weight to the machine above and the power to 
the machine below. Let the number of machines be n; and let 
hi ^2> ^3> ^^' '• • • ^n-u be the tensions or reactions in the con- 
necting cords or rods. 

Let P= the power for the whole combination. 
W=^ the weight 

W 

The mechanical advantage of the combination = — 

W tn-l tn-2 o _ ^2 ^1 



• (X>1^. • • • ... -— ^ 



tn—l tn^2 tn—Z ^1 P 

^^ An • An \ • A|t 2 • • • . a^ . a^ 

if a^i a^i ^39 &c. . . . a„, be the mechanical advantages of each 
of the separate machines. 

Or, the mechanical advantage of a combination of machines 
equals the product of the mechanical advantages of the separate 
machines. 

56. Prop. To find the mechanical advantage in the endless 
screw. 

This machine is a combination of the 
screw and the wheel and axle. The wheel 
has projections or teeth on its circumfer- 
ence, set obliquely so as to fit the thread 
of the screw ; the power being applied at 
the handle of a winch, by which the screw 
presses against the teeth of the wheel and 
supports a weight hanging from the axle. 

The mechanical advantage of the endless screw = 

the circumference described by the power radius of the wheel 
the distance of two threads of the screw radius of the axle 
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Example. Let the winch be 10 inches^ the distance of con- 
tiguous threads of the screw i inch, the radius of the wheel 10 
inches, and that of the axle 1 inch. 

The mechanical advantas^e = — x -r- 

•2k 1 

= 3141 

or, a power of one pound will sustain more than three thousand 
pounds by such a machine. 

67. Prop. Tojlnd the mechanical advantage of a combinO' 
turn of levers. 



C B 



C" B" 

I 



Let C, (7, a\ C" be the 
fulcrums of the levers. Let the 
power {P) act at A, and the weight 
(W) at -B"V the last lever being 
of the first kind, and the other 
three of the second kind. Let 
BA', BA\ S'A" be rigid rods 
connecting the levers. 



The mechanical advantage of 
the combination = 

CAxCAx C'A" X C"A"' 
CBxCBx C'B' X C"B!" 



— H 



A" 



.C" 



B 



/// 




Let the mechanical advantage of each lever = 10; the me- 
chanical advantage of the combination = 10* = 10000 ; or, a 
power of one pound will sustain a weight of ten thousand pounds 
by such a combination of levers. 

The weighing machine for carts and waggons is a combina- 
tion of levers ; the first being a pair of framewotk levers which 
support the platform, on which the cart or waggon is placed 
when weighed. 



58. Prop. To find the relation of the power to the pressure 
produced in tlie combination of levers called the knee. 
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A combination of levers like the 
annexed figure is used with advan- 
tage in cases where a very great 
pressure is required to act through 
only a very small s|>dcey as in coining 
money, in punching holes through 
thick plates of iron, in the printing- 
press, &c. The lever, AB^ turns 
about a firmly-fixed pivot at A, and 
is connected by another pivot at B 
to the rod BC^ whose extremity, C, 
produces the pressure on the ob- 
stacle, as E in the figure, being 
retained in its proper motion by 

some contrivance producing a similar action to the lever DC in 
the figure. 

Let the power (P) act horizontally at some point JP, in the 
lever AB. Let ANE be a vertical line meeting the direction of 
P in iV, and DE a horizontal plane with the substance subject 
to pressure at E. 

Let -B= the reaction of the rod BC in the direction of its 
length, and AMy DL perpendiculars upon its direction £rom A 
and Z). Let W be the vertical pressure of the substance at E. 

Taking the moments about A and Z), in equilibrium we have 

P.AN=B.AM 
TF.DE=It.DL 

.AN DL 



or, }V=F 



DE AM 



W AN DL 

or. — = • 

' P AM DE 



When BC comes nearly to the vertical direction, DL comes 
nearly equal to DE, and AN becomes AF nearly, whilst AM is 
very small. 

So that we have -p =-777^ nearly, which is then very great. . 
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ON THE COMMON BALANCE. 

The common balance, as ordinarily constructed, is a bent 
lever, in which we have to take into consideration the weight of 
the lever itself* 

In the figure, A and B 
are the points from which 
the scale-pans and weights 
are suspended ; C is the ful- 
crum, being the lower edge 
of a prismatic rod of steel ^^ 
projecting on each side of 
the beam; when the ba- 
lance is in use these edges 
on each side of the beam, 
as at C, rest on hard sur- 

fsices, so that the beam turns freely about C as fulcrum. In the 
lower figure let C, Ay and 
i9 be as before ; AB being 

the line joining the points 

of suspension. Draw CD 

a perpendicular on AB; 

when the beam is symme- 
trical op each side of C, its 

center of gravity will be at 

some point as ^ in CD. 

The requisites of a good ^ 
balance are : ^ 




\st. That the beam rests in a horizontal position when 
loaded with equal weights. 

9dn That the balance possesses great sensibility. 
3(2. That it possesses great stability. 

For the first condition, it is necessary that the arms are of 
equal lengths, and that the beam is symmetrical on each side of 
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C, with the points of suspension and the center of gravity below 
that point. When this is the case, we shall have the perpendi- 
cular CD bisecting AB in 2). 

59. Prop. To investigate the conditions that a balance tnay 
possess great sensibility and great stability » 

A balance possesses great sensibility when, for a small differ- 
ence between the weights P and Q with which it is loaded, the 
line AB is considerably deflected from the horizontal position in 
which it rests when loaded with equal weights. Let MCEN 
be a horizontal line through C, meeting AB in E^ and let the 
angle MEA^d. The sensibility depends on the magnitude of 
compared with the difference P— Q of the weights. Let w 
equal the weight of the beam. Let the horizontal line through 
C meet the vertical lines through A and B in M and iV" respec- 
tively; and those through g and D in a and d respectively. 
Then MNis bisected in d. " 

Taking the moments about C, we have in equilibrium 

P. CM- Q. CN-w. Ca=0 

or, F{Md- Cd)-Q{Nd+ Cd)-w.Ca=0 
or, (P- Q)AD COS. ^-(P+ Q) CD sin. 0-w.Cg sin. ^=0 

Let the length AD or BD, of the arms = a, CD^^d^ and 
Cg = h. 

then, {P-Q)a-{{F+Q)d-{-w.h}ta,n.0=O 

. tan 0' (-P-Q)'^ 

We see that 0, and therefore the sensibility, will be increased 
for given values of P and Q by increasing a, and by diminishing 
w, dy and h; or, by increasing the lengths of the arms, by dimi- 
nishing the weight of the beam, and by diminishing the dis- 
tances of the fulcrum from the center of gravity of the beam, 
and from the line joining the points of suspension of the scale- 
pans. V 

A balance possesses great stability ^ when, being loaded with 
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equal weights, on being disturbed it returns quickly towards its 
position of equilibrium. The stability is therefore greater as 
the moment bringing the beam towards its horizontal position is 
greater. 

Or, since F= Q, 

as P. CN^P. CM-{- w.Ca is greater ; 



or, as P{Nd-{- Cd-Md- Cd)-{-w.Ca 

= {2P.d-\-wJi) sin. ^ is greater. 

This is greater for given values of P and d, as d, w, and h are 
increased. 

We see that the sensibility of the balance is diminished as 
we increase the stability, but that we may increase the sensibility 
without injuring the stability by increasing the length of the 
aims. 

We see also that balances must be adapted to the uses they 
are to be applied to. The Jlne, delicate balance of the chemical 
laboratory must possess great sensibility, but we must not ex- 
pect great stability. For weighing coarse wares it is of more 
consequence that the balance possesses great stability than that 
it shews very small differences of weight, where the material 
weighed is not of great value. 



ON THE STEELYARD BALANCE. 



The steelyard has a longer and a shorter arm, as in the 
%ure ; the substance to be weighed being hung from the point 
^in the shorter arm, its weight is found from the distance to 
whidi the constant weight P must be moved on the longer arm 
in order to balance it. 

60. Prop. To shew that the divisions on the longer arm of 
^ steelyard, which correspond to equcj, additions of weight in 
the body weighed, must be in a succession of equal distaiices. 

Let the projecting knife-edge at C be the fulcrum, and A 



90 



ELEMENTARY MECHANICS. 




the point from which the 
weight W is suspended. ^ 
Let P be the moveable 
weight. When no weight 
is suspended from A^ the 
longer arm will prepon- 
derate ; let a be the point 
from which P must bp 

suspended to produce equilibrium. Take C6= Ca, then P at 6 
would balance P at a if the lever was without weight, conse- 
quently we may consider it v^ithout weight if we suppose a 
weight equal to P to be hung from 6. Let the steelyard be in 
equilibrium from the weight of W at A^ of P at 5 and the 
effect of the weight of the lever, 



From the equality of the moments about C we have 

W. CA-P. CB-P. C6=0 

P AC 

aB 



or, 



AC 
I{W=^PihenaB=AC 

- W=2P - aB=^2AC 
. W^SP - aB=3AC 

- JF=n.P-^ aB=n.AC 

Or, for every additional weight P by which W is increased, the 
moveable weight will have to be moved a distance equal to AC 
further along the arm to balance it ; and for equimultiples of P 
the divisions will be in a succession of distances equal to AC 
counted from a. 



This same rule holds for increments of ^corresponding to 
any fractional part of P. Let it be required to graduate the 

P 

steelyard for a succession of weights increasing by — . 

m 

^ . . W aB 

From the expression -77 =-^7^ 

P A\j 
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, W aB 
weliave-=_ 



m 



m 



Let fV= N.~-y where iV is any integer. 



N= 



aB 



AC 



m 



or, aB = N. 



AC 



m 



Giving N a succession of integral values, we shall have for 

AC 

oB a succession of distances counted from a, increasing by 



m 



It is scarcely necessary to remark, that the method supposed 
to be followed above would never be the practical method of 
graduating the steelyard; but the discussion is of use, to shew 
that the divisions must be at equal distances. 



ON THE BENT LEVER BALANCE. 




61. This balance is similar to the 
figure, where BCD is the bent lever, 
turning about a pivot at C A scale 
{A) hangs from B ; and at Z) an index 
points to some division on the graduated 
arc. 

Let g be the center of gravity of the 
beam at which its weight, w^ acts. The weight of the scale {A) 
and the weight {W) of a body placed in it will act vertically 
through B. If we draw a horizontal line through C, meeting 
the vertical lines through g and B respectively in m and 6, we 
must have, in equilibrium, 

w.Cm-{a-\-W)Ch=Q 

Now, as greater weights are put into the scale A^ the point B 
comes more nearly to the vertical line through C, from the bent 
form of the beam ; and the distance Cm increases, so that the 
arc may be graduated from the positions of the index at D for 
a succession of weights put into A. When the arc has been 
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thus graduated experimentally, the weight of a body placed in 
the scale is told very quickly by the division on the arc to which 
the index rises. When it is required to sort a great number of 
bodies into classes of different weights, but where extreme nicetjr 
is not essential, this balance is the most convenient for the 
purpose. 



ON ROBERVAL S BALANCE. 

«. 



63. This balance is of greater interest from its paradoxical 
appearance than from its use as a machine for weighing bodies. 
It consists of an upright stem upon a heavy base, A^ with equal 



[ 



B 



5 



«fe 



1 



'} 



t 






crossbeams turning about pivots at a and b. These crossbeaias 
are connected by pivots at c, rf, e, /, with other equal piece* 
in the form of the letter T ; the weights are hung from th.^^ 
horizontal arms of the latter pieces ; and the peculiar property 
of the balance is, that equal weights balance at all distanc^^ 
from the upright stem : thus two equal weights (P), as in tliL^ 
figure, balance ; although one may hang at £ much nearer ttm. € 
upright stem than C, the point from which the other hangs. 

This property is easily 
proved from the theory of 
couples. Let the letters G2<- 
in the annexed figure in- 
dicate the same parts as — *~ 
in the former. 

Let equal and oppo- 
site forces, Fi and Pjj ^^ 
in the figure, act in ec. 
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eKh eqtal 4o JP; and similarly let P3 and P^ act in df. These 

fences. Pi, Pq, P3, P4, will not affect the equilibrium ; and P at 

Bia equivalent to P^ at « and the couple P, PA, Pj. Similarly, 

Pat C is equivalent to P4 at/, and the couple P, Ck, P3. The 

forces P| at e and P4 at /will evidently balance. 

The couple P, Bh, P2 is equivalent to a couple Qj, ^c, Qj ^^ 
its own plane, of equal moment, in which we may take the 
forces Qi and Q^ acting in the directions of the crossbeams eb, 
aCf which always remain parallel to each other as they turn on 
the pivots. These forces Qi and Q2 are destroyed by the resist- 
ance of the pivots b and a; and, similarly, if R^fd^ R2 were the 
corresponding couple on the other side, R^ and R^ would be de- 
stroyed by the resistance of b and a. These couples therefore 
would not affect the equilibrium, and the original forces P at £ 
and P at C must be in equilibrium. 

If the beams cad, ebf, be moved round the pivots into any 
oblique position, the same reasoning holds good, and the equili- 
brium still subsists. 

It is easy to see that unequal weights, as P and Q, could not 
balance when hanging &om any points. 



CHAPTER VIII. 

APPLICATION OF THE PRINCIPLE OF VIRTUAL VELOCITIES TO 

THE MECHANICAL POWERS. 



We saw in Articles 26 and 27 that the principle of virtual velo- 
cities holds good for all cases of the equilibrium of a free body 
under the action of any number of external forces. 

We may consider the effective parts of the mechanical powers 
as free bodies if the reactions of the parts which support them 
be taken with the other external forces ; and the internal reac- 
tions and tensions do not enter the fundamental expression 
5'(P.«?)=0. We shall also generally have the virtual velocities 
of the reactions of the supporting parts equal to zero for the 
possible displacements of the system. 

In some of the mechanical powers we have the principle ap- 
plying to all possible displacements whether great or small, since 
they are always in the direction of the forces ; as in the wheel 
and axle, toothed wheels, the pullies with parallel cords, the 
inclined plane, the wedge, and the screw. In the lever and 
the pullies with inclined cords we must take the displacement 
indefinitely small. 



63. Prop. To shew that the principle 
of virtual velocities holds good for the wheel 
and axle in equilihrivm. 

The forces which act on the wheel and a' 
axle are the power P, the weight W^ and 
the reaction R of each of the steps which 
support each end, C, of the pivot about 
which it turns. When the wheel and axle 
receive a displacement turning about C, 
the virtual velocity of R equals 0. 
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Liet jI and B be the points at which the cords left the wheel 
and the axle respectively before displacement; Ay S^ after- 
wards. Then W ascends through the space WW ^duc BIB ^ 
and jP descends through PP= axe A A. WW is a, negative 
▼irtual velocity if PP' be positive. 

By the principle of virtual velocities, 

PxPP'-WxWW'=0 

or, Px arc JA- WxaicBB" =0 

or, Px^Cxangle^C^-?rx.BCxangle5C.B'=0 

PxAC-WxBC=0 

W AC 
^'' -P^BC 
the condition of equilibrium as found in Article 41. 

64. Prop. To shew that the principle of virtual velocities 
holds good in a pair of toothed wheels. 

Let the circles in the figures 
represent the pitch-lines of the 
wheels which roll on each other 
without sKpping, and let 0^, 0^, 
be the points which were in con- 
tact in the line CC before dis- 
turbance. Then the other let* 
ten being as in Article 42, we 
have 

arc 00i=arc 00^ 

P's displacement ^^PP 

=^C'x angle O^CO 

_ .^, arc^^ 




W'a displacement = WW 



arc Oj O 
CO 



By the principle of virtual velocities, 

PxPP-WxWW^O 
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pAC_jyCB 
CO CO 

W AC CO , .„, „^ 
0^'-p=SC-C0'^^'''^^^^^' 
CO 
CO 
as found for the condititm of equilibrium in Artide A&. 

65. Prop. To shew that the principle of virtual velocitiei 
holdt good in the single moveable pulley witk the cords parallel. 

In the figure, if the pulley A be raised to A', we 
shall have AA' = WW = iPP', siuce each of the 
cords passing round the pulley A must be shortened 
by a lengths WW. And WW' is a negative virtual 
velocity. 

.-. PxPP'-Wx WW=0 
gives Px PP*- ?rx iPP'=0 

or, -=2 

the condition <^ equilibrium as found in Article 44. 

66. Prop. To shew that the principle of virtual velocitia 
holds good in the first system ofpulUes. 

Referring to the figure in Article 46, we see that if P de- 
scended through a space PP', 

the pulley a„ would be raised a space ^PP, 
PP 



rT^ 



^^ 



the pulley Ob_i 

&c. 
the pulley a^ - - 

the pulley a, - - 

the weight fF or the pulley Oj 

and the equation of virtual relocitiea 



2» 
&o. 
PP 
2— ■ 

2—1 
PP' 
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Px PP- Wx JVW'=0 becomes 

PP' 
PxPP'-»rxV-=0 

or, ^=2" 

the condition of equilibrium when the weights of the pullies are 
counterbalanced or neglected. 

67. Prop. To shew that the principle of virtual velocities 
holds good in the second system of pullies. 

Referring to the figure in Article 47, we see that if the 
weight be raised through a space WW\ each of the n cords at 
the lower block must be shortened the same quantity, or P 
must descend through a space nxJV W\ The equation of vir- 
tual velocities is 

PxPP'-^x?r^'=0 

which becomes Px». WW- Wx WW'=0 

W 
or, -^=» 

the condition of equilibrium as in Article 47. 

68. Prop. To shew that the principle of virtual velocities 
holds good in the third system of pullies. 

Referring to the figure of Article 48, we see that if ^ be 
raised a space = WW\ each cord will be shortened in conse- 
quence a space equal to it. The highest moveable pulley, a„, 
will descend through the same space, WW\ The next pulley, 
On^i, will descend through a space 2.WW\ in consequence of 
the descent of a„, and W W^ in consequence of the elevation of 
W^ or will descend on the whole {2+l)WW\ 

Similarly, the pulley a„_2 will descend through 
{2(2+l)+l} WW' = {2^-^2+1) WW'. 

Proceeding in the same way, we find that pulley ag, or, 
Oit.l^, will descend through the space 

(2«-3 4-2»-* + &c. . . . 2^\)WW 

u 
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and a^tlirough the space (2»-* + 2»-^ + &c. . . . Z^-V^WW 

P descends through twice the last found space in conse- 
quence of the descent of the pulley a^^ and through the space 
WW, in consequence of the elevation of the weight; 

or, PP'=^^'{2(2«-i4-2"-2 + &c. . . . 2+l) + l} 

The equation of virtual velocities is 

PxPP'—WxWW'=0 

which becomes Px WW\2^^''l)'-Wx Wjr=zO 

W 
or, -J.=2«+>-l 

the condition of equilibrium when there are n moveable pullies, 
as in Article 48. 

69. Prop. To shew that the equation of virtual velocities 
holds in the inclined plane. 

Taking the most general case, 
when the force (P) makes any angle 
6 with the plane. Let ei= ^^AC; 
a the first position of the body whose 
weight is W; a' the position of it 
after a disturbance. 

Drawing the perpendiculars av, 
a'Uf we have — a'^?, the virtual velo- 
city of P= — aa' cos. €, and au, the 
virtual velocity of W^aa' sin. a. 

By the equation of virtual velocities, 

Pxav-Wxau=:0 

or, P X ad cos. e—Wxaa sin. a =0 

JF cos. € 

or, -p=-: 

P sm. a 

as found for the condition of equilibrium in Article 50. 
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70. Prop. To shetv thM the principle of virtual velocities 
hoidM for the wedge. 

Let SP be the whole power, R and 
jR the pressures perpendicular to the 
Binooth sides of the wedge ABC^ which 
produce equilibrium. 

Let the wedge be displaced to the 
position ABC . The displacement of 
the point of application of P is ad in 
the figure, =AJl ; that of 6, the point 
of application of ii, is bb'=Am, a per- 
pendicular from A on AB ; and 

BAC 



Am=AA sin. 



2 




The equation of virtual velocities is, 

Pxad-Rxbb'^O 

or, PxAA—RxAA sin. — r— =0 



2 



.\R= 



sm. 



BAC 



as found in Article 53, for 
the condition of equilibrium f*) 
of the wedge. 

71. Prop. To shew that 
the principle of virtual velo- Y p 
cities holds for the screw. 

Suppose the power P p' 
to act by means of a cord 
passing over a pulley upon 
awheel, as perpetufd lever, 
fixed to the cylinder of the 
screw. 

Let A be the point 
where the cord left the 
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wheel when the power was at P and the weight at W; and let 
A\ P'y W'y be their positions after a disturbance, 

PP = arc ^^ =^C X angle AC J! 
WW = distance of two threads x — ^75 

By the equation of virtual velocities, 

PxPP-WxWW'^0 

or, PxACx angle AC A —Wx distance of two threads x 
angle ^C^_^ 



J^TT 



W 



ZirAC 



or, -7T-= 



J^ distance of two threads 
the condition of equilibrium as found in Article 54. 

72. Prop. To shew that the principle of virtual velocities 
holds in a lever of any form. 

Let ACB be the lever 
before displacement, ACB 
its position after. 

From A draw Av per- . 
pendicular to AP^ and from 
By Bu perpendicular to BQ 
produced. Av is the virtual w 
velocity of P, Bu that of Q, p 
and negative. Now, when 
the displacement is indefi- ^' 
nitely small, the circular arcs 
AAy BBy become straight lines, and 

Av-AA X cos. AAv=AC x angle ACA x cos. {PAC-9(f) 

=AC . sin. PAC . angle AC A 

Bu=BC . sin. QBC . angle BCB 

and angle ^C-4'= angle BCB 

The equation of virtual velocities is 

PxAv-QxBu^O 
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or, P. AC. an. PAC— Q.BC. sin. QBC=(i 

P BC. sin. QBC 
''' Q= AC. sin. PAC 
found in Article 39 for the condition of equilibrium. 

73. Prop. To shew that the principle of virtual velocities 
holds in the single moveable pulley with the cords inclined. 

Let A be the point where the ^ 
cords produced would meet at 
the first position of the pulley, 
when P and Waie the positions 
of the power and the weight. 

Let P be displaced to P' 
when the weight is raised to W\ 
or the point of meeting of the 
cords to jf. Draw the circular arcs, ^m, jfn, with centers B 
and C When the displacement is indefinitely small, the arcs 
jfm, jfn, become straight lines, and 

Am=Ajf COS. BAA ^ An 
PP'^Am^-An^9.AA cos.^J^ 
WW'^AA' 

The equation of virtual velocities, is 

Py.PP-Wy.WW'^^ 

BAC 
becomes Px^AA* co^.—-r-"'WxAA' =^0 

2 

W ^ BAC 

or, -=r-=»cos. — -— 
' P 2 

as foimd for the condition of equilibrium in Article 45. 

In the preceding propositions, the expression 

PxPP=WxWW' 
WW _P 

explains the principle that, "in using any machine, what we 
gain in power we lose in time." For, in order that W may be 



102 ELEMENTARY MECHANICS. 

raised through any given space, we must have the space moved 
through by P increased in the same ratio that the magnitude of 
P is diminished. 



EXAMPLES ON CHAPTERS VI. VIL AND VIII. 

Ex. 1 . A lever 30 feet long balances itself upon a prop J 
of its length from the thicker end ; but when a weight of 10 
pounds is suspended at the other end, the prop must be moved 
2 feet towards it, to maintain the equilibrium ; shew that the 
weight of the beam is 90 pounds. 

• Ex. 2. The forces P and Q act at arms a and b respectively 
of a straight lever which rests upon a fixed point to which it ii 
not attached. When P and Q make angles a and fi with ihe 
lever, shew that the conditions of equilibrium are 

Pcos.a+ Q cos./8=0 

Pa sin. a— Q b sin. /3=0 

Ex. 3. The beam of a false balance being of uniform density 
and thickness, it is required to shew that the lengths of the anm 
{a and b) are respectively proportional to the differences between 
the true ( W) and apparent weights (P and Q). Or to shew that 
the weight of the beam being considered, we have 

a P-W 
b'^W-Q 

Ex. 4. Two given weights hanging vertically from two 
given points in the rim of a wheel, find the position in which 
the greatest weight will be sustained on the axle. 

Let P and Q be the weights, a the angle contained between 
the radii drawn to the points of suspension, which are given. 
Let be the angle which the lower radius (that of P) makes 
with the vertical direction. It is shewn by means of a subsidiary 
angle, and without the differential calculus, that 

/, P4- Q COS. OL 

tan. d = — ——, 

42 sin. OL 
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Ex. 5. If / be the mechanical advantage of a lever, and s 
the mechanical advantage of a screw, shew that the mechanical 
advantage of the common vice is l.s. 



Ex. 6. Apply the principle of virtual velo- 
cities to find the relation of the power to the 
weight in the endless screw, as found in Article 

Ex. 7. Shew that, in the annexed system of 
puUies, W=5P. Apply the principle of virtual 
velocities to find the same result. 

Ex. 8. In the annexed system of three move- 
able pullies, with the cords at each pulley inclined 
60^ to each other, shew that 

W=P{3f 

Obtain the same result by 
means of the principle of 
virtual velocities. p < 

Ex. 9. Shew that in 
every combination of the 
mechanical powers the re- 
lation of the power to the 
weight may be found by the 
principle of virtual velo- 
cities. 



^ 



p 

A 
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CHAPTER IX. 

ON THE EQUILIBRIUM OF A SYSTEM OF WEIGHTS SUSTAINED BT 

CORDS OR BEAMS. 



74. If a weight W he hung from a knot C cut which the cords 
AC] BC {supposed without weight) meet, and the lengths of the 
cords and the position of A and B are given; to find the tensions 
in the cords. 



The geometrical data give the angles 
which A C and B C make with the ver- 
tical direction ; let them be a and fi re- 
spectively. 



If ti and ^2 he the tensions in the 
two cords AC and BC respectively, we 
may find their values by the properties 
of the parallelogram of forces or other- 
wise analytically as in Article 23, as follows : 



Resolving horizontally and vertically, 

^isin.a— <2SHi*)8=0 (1) 

tiCos.ct+t^cos.fi-W=^0 (2) 

Multiply (1) by cos./8, (2) by sin.)8, and add, we find, 
^i(sin.a.cos./84-cos.a.sin.)8) — ?F.sin.)8=0 




Similarly, 



_ ^.sin./3 
''''' ^*"sin.(«+/8) 

_ Wsin.ot 
2"sin. (a+/8) 



We should find these results at once from Article 6, but the 
equation (1) shews us a property in addition, which we shall find 
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to hold for systems of any number of cords and beams, namely, 
that the resolved parts of the tensions horizontally are the same 
in each cord. 

75. Prop. To investigate the form and properties of the 
fiinicular polygon, or a system of cords connected by knots from 
which given weights are hung, 

. Let ABCDEF be the \ 
polygon formed by cords 
connected by knots at the 
points B, C, 2), E. Let 
AF be a horizontal dis- 
tance which is given, as 
well as 2^, ^29 ^39 ^c. the 
lengths of the cords AB^ 
BCf CD, &c., which we 
suppose without weight. 

Let ^Fi, ^2, ^Fg, &c. be' 
the weights suspended from 
Sp C, D, &c. respectively. 

The above being given, 
we have to determine the 
tensions in the cords, and 
the angles they make with the vertical direction. 

Let ^1= tension in AB, ^2= tension in BC^ ^3= tension in 
CD, &C. 

Let «!, fiif be angles of the cords with the vertical direction at B. 
ci^f P29 " " " - G. 

' *3> ^3» " " " - 2). 

&C. - - - - &c. 




If n be the number of cords, we have n tensions, and 2(»-" 1) 
angles to determine, from the following equations : 
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jiF—liSm.a^—l2Sin.a2'-8cc. . . . — 4-i sin. a»_i — 

/„sin.)8„_i=0 (a) 

Z„ COS. (tt — /8„_i ) = (6) 

Resolving horizontally and vertically at each knot^ we have 
at ^, tisiu.ot^ — t^sm.fii^O tiCos.Ai-^-t^cos.fii—Wi^O (1) 

at C, t2sm.a2~'t^sm.fi2—^ t2C0s.a2+t^cos.fi2'^W2=0 (2) 

&c. &c. 

tft^i sin. a„_i — ^„ sin. /8„_i = ^„-.i cos. «„-! + ^n cos. ^«_i — 

Wn-i=0 (n-1) 

Wehavealso/8i + a2==^> ^2 + ^3=''''5 ^c. . . i8,i-_2 + ai»— i=w, 
which are w— 2 equations. 

We have, consequently, the equations {a) and (6), 2(»— 1) 
and 71—2; or, in all, Sw— 2 equations, to find the n tensions 
and 2»— 2 angles, as required. 

Since i8i + a3=7r, we have sin./8i = sin.a2> s-^d so onwards, 
sin./82=sin. Og, &c. . . sin./8„_2=sin. a„_i ; therefore we see 
that the first of each pair of the equations (1), (2), . . • (n— 1) 
shews the horizontal component of the tension in each cord to 
be the same ; for we have 

^isin.ai=^2^i^-^i'^^2^in*^2==^^3^i^*^2=^c. . . . =^»sin.^||^i 

but ti sin. «! = ^1 cos. A=tn sin. /8„— i = tn cos. F 

or the resolved parts of the extreme tensions in the line AF are 
equal and opposite. 

From the equations (1), (2), • . . (7* — 1), we find by elimi* 
nating alternately one of the tensions in each pair, 

sin. fii sin. (a^ + fii) sin. a^ 

^2 ^2 _. ^3 

sin. ^82 sin. (a2+i82) sin.ag 

&c. &c. &c. 
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-1 



^«-i 



sin. )8»_i sin. (a„-i + ^„-i) sin. 0,^-1 



From these we find the horizontal tensions to be 



^, 



w„ 



cot. «i + cot. /Qj cot. Oj + cot. /Sj 



^^ 0&L/» • . • -^^ 



?r. 



n— 1 



cot. «„-.! + cot. )8„— 1 



When the weight of a chain supplying the place of the cords 
of the polygon is taken into account, the problem becomes one 
of considerable difficulty, and is connected with the construction 
of chain bridges. 

76. Prop. Three uniform beams connected together form a 
triangle^ ABC, with AB horizontal, and have a weight, W, hung 
from C; to find the reaction in each of the beams, and to shew 
that the horizontal part is the same in each beam* 



Since the triangle is given, 
the angles which the sides 
AC, BC make with the ver- 
tical direction will be known : 
let them be a and /9 respec- 
tively. 



Let Ri be the reaction 
in the beam AC, R^ that in BC ; and let 61 be the weight of 
^C, 62 that of 5a 

Since the beams are uniform, the center of gravity of each 
will be at its middle point, and we may consider half the weight 
of each to be at each end, so that the whole weight hanging 

ftom C wiU be ^^4-^^^= JT say. 

Resolving horizontally and vertically at C, we have 

JKisin.a— iJ5|Sin./8=0 (1) 

jBiCos.« + i^2Cos./3-?r=0 (2) 

The equation (1) shews that the horizontal parts of the reactions 
are equal. 
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Eliminating alternately between the equations, we have 

sin. /8 "" sin. (a -f /8) "" sin. a 

and the horizontal part of R^ or jJKjy or, as it is called^ the 
horizontal thrust when the beams form a roof^ is equal to 

W 
cot. a + cot. /8 

which is the reaction in the horizontal beam AB, called the tie- 
beam. 

If the side AB were taken away, and its place supplied by a 

cord, the last expression would be the tension in the cord. If 

the points A and B rested on a smooth horizontal plane, we 

should have the pressure on the plane 

J, 
at A =/c, cos. a +~ 

and at ^=7^2 COS. /8+-^ 

77. Prop. A number (n) of beams connected by hinges form 
a frame-work in a vertical ptane, having weights hung from the 
hinges : to find the position of equilibrium^ and to shew that the 
horizontal reaction at each hinge is the same. 

4 

Let ABCDEFhe the 
frame-work, of which the ex- 
tremities, A and F, are fixed 
points. Let AH and FH, a 
horizontal and vertical line, 
be given, as well as the lengths R 
^19 ^2' ^3» ^c* of the beams. 

The beams being given, 
we may suppose the weight to be applied at the ends, and Wi, 
Wi^ W^y &c. to be the whole weights acting at the hinges 
By C, Z), &c. respectively. 




Let «!, /Sj, be the angles which the beams ABy BCy make 
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with the vertical line at £ ; o^) ^2» ^3' ^3» ^^' ^^^ corresponding 
angles at C, A &c. 

Let Ji^, JZq, iZjy &c. . . . i^M be the reaction in the beams 
commencing at A. 

We shall have to find n reactions, and 2(n— 1) angles. 
Erom the geometrical relations we have 

-^JET— Jisin.ai— J2sin.a2~63sin.a3— &c. . . . 6„sin.^,_i=0 (a) 

jPff— fticos.ai — 62COS.a2— ftgCOS-ag— &c. ... in X 

cos.(7r-^^i)=0 (6) 

Resolving horizontally and vertically at each hinge, we have, 
in equilibrium, 

at-B,-Bisin.ai— 2lf2sin.)8i=0 iJiCos.aiH-2lf2Cos.)8i— ^i=0 (1) 

at C, -B2sin.a2— i23sin.^2=0 -B2COS.a2H-i?3COS.)82— ^2=^ (2) 

&c. &c. 

jS».i sin. a,»_i — Rn sin. ^„_i = jB«-i cos. a,^i + 22 „ cos. )8,_i — 

?r„-i=0 («-l) 

"We have also i8i + a2=7r,)82+a3=7r,&c. . . . )8„«2 + «»-i=^» 
or fi— 2 equations. 

These equations being 37»— 2 in number suffice to find the n 
tensions and 2n~-2 angles. 

The expressions would have been identical with those for 
the funicular polygon if we had taken F in the horizontal line 
through A; and they lead to the same consequences. . 

The first of each pair of equations (1), (2), &c. shews that 
the horizontal component of the reactions at each hinge is the 
same ; and by the same process as in Article 75 we shew that it 
is the same at every hinge, and equal to 

cot. aj + cot. fii cot. a2 + cot. ^82 cot. a„«.i + cot. )8»_i 



CHAPTER X. 



ON FRICTION. 



We have hitherto considered the surfaces on which bodies 
pressed to be perfectly smooth^ so that they offered no resistance 
to motion parallel to themselves, their only reaction being per- 
pendicular. 

When rough surfaces are in contact, the motion, or tendency 
to motion, parallel to the surfaces, is affected by the roughness, 
and we call the effect friction. 

Experiments have been made to determine the laws of fric- 
tion, which we may subdivide into rubbing friction, when one 
body rubs on the other, and rolling friction, when one rough 
surface rolls upon another ; the former only will be considered 
here under the term friction or statical friction. 

78. If a body rest, as at A, upon a rough plane, BC^it \& 
found that a force, within certain 

limits, may act upon it parallel | -j p 

to the plane without motion en- gt 
suing, as would be the case if the 
plane were smooth. The greatest A. 
force which can be so applied, ^ 
without the body moving, measures the friction. If J9^ be a 
weight acting by a cord passing over a pulley, as in the figure, 
on the body A^ when motion is about to take place, F being the 
opposing force of friction which balances W^ we have F=^W. 
It is found that if we put various weights, as ?w, upon the body 
Aj then ^ or jP is proportional to the weight of A and m, or is 
proportional to the pressure perpendicular to the surfaces in 
contact. It is also found that it is independent of the magni- 
tude of the surfaces in contact, the friction being the same when 
the pressure is the same, whether the surface of the body be 
increased or diminished; except in extreme cases, where the 



■> 



B 



W 
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pressure is exceedingly great compared with the surfaces in con- 
tact. So that if jB be the pressure on the plane which is equal 
and opposite to its normal reaction, we have 

where /a is a constant, depending on the nature of the surfaces 
in contact, and called the coefficient of friction. 

We may determine the coefficient of 
friction by placing the body on a plane 
of which we can increase the inclination 
to the horizon until the body begins to 
glide down. 

79. Prop. To shew that the coeffi- 
eieni of friction between two given syb- 
stances is the tangent of the inclination of the plane formed of 
one of the substances, when the body formed of the other is about 
to slide down it. 

The body a in the above figure is in equilibrium from the 
normal reaction of the plane iS, the friction fiR acting up the 
plane, and its weight acting vertically. Resolving parallel and 
perpendicular to the plane, we have 

/iJK-^sin.«=0 

ii-^cos.a=0 

Eliminating 22, we have 

/I COS. a — sin. a = 

or, /A= tan. a 

80. Prop. To find the limits of the 
ratio of P to W on an inclined plane, 
when friction acts up or down the plane. 

Let the power P, as in the figure, 
make an angle e with the plane whose 
inclination to the horizon is a. Let W 
be the weight of the body. 

Friction being considered as an inert force resisting the tend- 
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or, -^= 



ency to motion, will act ujp or dovm the plane as the bod 
on the point of moving down or tip respectively. 

Resolving parallel and perpendicular to the plane, we ha 

P COS. €±fiE—W sin. ci=0 (1) 

Psin.€ + iJ-^cos.«=0 (2) 

Multiply (2) by fi and subtract and add, we have 

P(cos. 6+/isin. e)— ?F (sin. a+/icos. a) =0 ' 

W COS. €+ fisin. € 
P "" sin. a + /I cos. a 

where the upper sign is to be taken when friction acts up, 
the lower when friction acts down the plane. 

No motion will occur whilst the relation of P to W lies 
tween the two values* • 

81. Prop. Tojind the limits of the ratio of P to W in 
screw when friction acts assisting the power or the weight. 

Proceeding as in Article J e d 

54, let ABC be the inclined / 
plane formed by the unwrap- r^ 
ping of one revolution of the 
thread; the angle 5-^ C= a. 

Let ^be the whole weight 
sustained by the screw ; w be 
the part of it supported at a ; 
Q the whole force acting at 
the circumference of the cylin- 
der, whose radius ED=ry FD 
=a the lever at which the power P acts, and 

r 

and let q be the part of Q which supports w at a. The fo: 
which are in equilibrium at a are the weight w, the reaction 
the friction acting vp or down the plane /liS, and the horizo 
pressure q. 
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Resolving parallel and perpendicular to the plane, we have 

gcos.a±filt~-fvsm.a=0 (1) 

gsin.a— jB+ti;cos.a=0 (2) 

Multiply {2) by fi, and add and subtract, we have 
g(cos.a+/Asin.a)— 2£;(sin.a HF/Acos.a)=0 

w W cos.«t+/isin.a 

or, — = -Y=-= =F^ 

q Q 8m.a+/AC08.a 

JV a cos.a + /isin.a 

and -=r-=— . -T == 

F r sm. a+/*cos.a 

The two values of this expression give the limits required. 

82. Prob. a uniform beam rests on a cylinder of given 
radius (a) ; to find the weight {W) which may be hung from one 
tndso that the beam mmj be just about to sUde off when friction 
oett. 



Let g be the center of gravity of the 
beam JBC, whose length is 2 ft ; and Bg = 6, 
lince the beam is uniform. Let w be its 
weight. Before the weight W was hung 
at Bf the point g must have been at A, 
the highest point of the cylinder. Let A^ 
be the point of contact when the beam is 
on the point of sliding off the cylinder, 
and let ol be the angle which the beam 
then makes with the horizontal direction. 



Resolving parallel and perpendicular to the beam, we have 

/iriJ— wsin.a — ^sin.a=0 (1) 

jB— wcos.a— ?F'cos.a=0 (2) 

whence /a = tan. a. 

Taking the moments about A\ we have 

WxBA COS. »— wxAg COS. ci=0 

or, W(Bg-J[g)-w.jtg-Q 

but Ag = arc A A = radius x angle A OA 

^acL 
I 
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w • aoL 



or, W= 



•w . aa=0 



b—acL 6— atan.~*/i 



the weight required. 



83. Pros. A ladder rests with its 
foot on a horizontal plane y and its upper 
extremity against a vertical wall; haV' 
ing given its length (Z), the place of its 
center of gravity y and the ratios of the 
friction to the pressure both on the plane 
and on the wall; find its position when 
in a state bordering on motion. 

\i AB be the ladder in the figure, 
whose length AB=^lf and weight acting 
at the center of gravity g=Wy Bg^by 
fi the coefficient of friction against the 
vertical wall, /jl against the horizontal plane AC, and angle 
BAC=:0; we find 

tan.^=^<V-W) 

fit 
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CHAPTER I. 

ON DEFINITIONS AND THE LAWS OF MOTION. 

Whbn forces produce motion, or change of motion, in bodies, 
their effect being different to that in statical problems, we re- 
quire other methods of measuring them in addition to the statical 
measures. 

The motion of a body may be considered only with respect 
to its change of place, either absolutely, or relatively to some 
other body which is itself in motion. It may also be considered 
with respect to the power the body acquires of overcoming ob- 
stacles, and then the magnitude of the body itself has to be 
considered. 

The velocity of a body is its rate of motion, and it is 
measured, when uniform or constant, by the space passed over 
in a unit of time, or by the space in any time divided by the 
time. The units of time and space must be known. Thus we 
«ay, he travelled at the rate of thirty miles per day ; he travelled 
at the speed or velocity of eight miles per hour ; the bullet was 
fired from the gun with a velocity of 1000 feet per second. 
When no mention is made of different units, we shall take a 
foot for the unit of space, and a second for the unit of time. 

Let V be put for velocity, s for space in feet, t for time in 
seconds, we have for a uniform velocity, 

«?= space described in one second 

_ space described in t seconds 
"" t seconds 

s . 

=-, or s=vt 
t* 
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When the velocity is continually changing, it is measured by 
the space passed over in an indefinitely short space of time 
divided by the time. 

Let s be the space described with a variable velocity in t 
seconds, ,' that in'^ seconds indefinitely near the fonneTtin,e. 
then, using the symbol S to signify difference, 

s'—s Ss 
tf-t Si 

When pressures such as we have considered in Statics are 
not balanced, the body on which they act will be put in motion. 
Such pressures may act on the body during a definite time, or 
act through a definite space and then cease to act. 

When pressures act only for a very short space of time, they 
are called impulsive forces ; as, for instance, the mutual pressure 
of bodies which impinge, the force of the string exerted upon an 
arrow shot from a bow, &c. 

We call a force an accelerating force whilst it continually 
increases the velocity of a body ; and a retarding force whilst 
it continually diminishes it. A uniform or constant accelerating 
force is one that increases the velqcity of the body uniformly, 
or adds the same amount of velocity to the previous veloci^ of 
the body in every successive equal interv^ of time. A unifom 
re,tardmg force is one that diminishes the velocity of a body 
according to the same law. Variable accelerating or retarding 
forces are those whose effeqts on the velgcities of bodies are 
continually changing. 

By tl^e moving force acting on a body, we mean the matt 
moved multiplied by the accelerating force, which we shall 
shortly see, by the third law of motioi^ is proportionul to the 
pressure exerted on the body, by whatever means that pjremire 
arises, whether by the unbending of a spring, by the attraction 
of other bodies upon it, by the explosion of gunpowder, &c. 

By the momentum of a moving body, we mean the mass of the 
body multiplied by its velocity. The mass multiplied into the 
square of the velocity is called the vis viva of a moving body. 
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Ab foroes axe measuted by the effects they produce, thei 
lynamical measure of an accelerating force must be the velocity 
vhich it generates in the body in a given time, wheri imiform or 
'Onstant. Let / represent the force, and let the given time be 
aken as the imit, we have /= the velocity generated in a unit of 
ime. Since the force is constant, the same velocity is added in 
very imit of time ; therefore, if v be the velocity acquired from 
est by the action of the force in t units of time, we have v=ft, 
''rom the above definitions we see that movinff force is measured 
y the momentum generated in a unit of time. 

From the expression v=ft, we have 

^_v_ velocity generated in any time 
•'""7" time 

Vhen the force is variable, and changing from one instant to 
aether, we must take the time indefinitely small ; so that, for a 
aiiable force, we havd 

^_ velocity generated in an indefinitely small time 
•'" time 

F 9=svelocity of the body at the time t, and v the velocity at 
be time i indefinitely near to U 

In the above, it will be shortly seen, that we have anticipated 
\a first law of motion. 

By the path of a body we mean the line, straight or ciirVed, 
'rhich it desciibes in passing from one point to another hi space. 

The pressure produced by the weight of ai body ddpends 
ipon the attraction of gravitation towards the earth, which is 
iensibly different at different parts of the earth, and upon the 
Dass of the body ; 'and varies directly as the force of gravity 
rhen the mass is the same, and directly as the mass when the 
brce of gravity is the same ; therefore, by the rules of algebra, 
P'hen both vary, the weight varies as their product. Let m be 
he mass^ w the weight of a body, and g the force of gravity: we 
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have wccm g, and taking our units of measure of w, g^ and 
accordingly, we may put w=mg, ori»=— . 

The relative velocity of two bodies is the velocity with which 
they approach each other, or separate from each other. 

A body is said to move freely when its path depends on the 
action of the impressed forces only. Its motion is said to be 
constrained when its path is limited to be in a given line, 
straight or curved, or to be upon a given surface. A stone 
thrown in any direction &om the hand is an example of the 
former ; and a pendulum swinging, or a body rolling down a 
hill, are examples of the latter. 



ON THE THREE LAWS OF MOTION. 

The first law of motion. When a body in motion is not acted 
on by any external force ^ it will move in a straight Une^ and with 
a uniform velocity* 

We may satisfy ourselves of the truth of the first part of 
the law, that the body not acted on by any external force will 
describe a straight line, from the consideration that whatever 
reason could be alleged for its deviating to one side, as good a 
reason could be given for its deviating to the opposite ; and since 
it could not move in two directions at the same time, the l^asons 
could not be valid, and therefore it would move in a straight 
line only. 

The second part of the law we conclude to be true by in- 
duction from the results of our experience. If a body be thrown 
along a rough surface, it deviates from a straight path, and soon 
loses all its velocity ; if it be thrown along a smoother level 
surface, it moves in a path nearer a straight line, and with a 
velocity more slowly diminished ; if it be thrown along a sheet 
of ice, it moves very nearly in a straight line, and retains its 
motion for a considerable time. K a heavy ball be suspended 
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hj a very fine thread in a vessel from which the air has been 
withdrawn by the air-pump, and it is set oscillating, it remains 
in motion for a very great length of time, although it still 
experiences resistance from the remaining air in the vessel, and 
the want of perfect flexibility in the thread. We therefore con- 
clude, that if we could remove all the resistance to a body in 
motion, it would retain its velocity unchanged. 

l%e second law of motion. If several forces act upon a body 
at the same time^ each produces its full effect in the direction of 
its action^ whether the body be at rest or in motion. 

We see this to be true when a ball is rolled along the deck 
of a vessel moving uniformly in smooth water : the ball takes 
the same course along the deck as it would if the vessel were at 
rest ; and if it struck any body in its motion, the forces called 
into play in the collision would produce the same effects in the 
two cases. If a body be let fall from the top of the mast, it 
fiEdls to the foot of the mast, whether the vessel be at rest or in 
motion. A more complete proof is afforded by experiments 
with the pendulum. Whatever be the vertical plane in which it 
oscillates, at the same place on the earth's surface, whether north 
and south, east and west, or in any other azimuth, the time of 
oscillation is the same ; shewing that the effect of gravity on the 
pendulum is imaffected by the rotation of the earth on its axis, 
and by its motion in its orbit. 

f 

The third law of motion. When a pressure acting on a body 
puts if in motion, the moving force, measured by the 
momentum generated in a unit of time, is proportional ^ 
to the pressure. / ^ \ 



This law is proved experimentally by Atwood's 
machine, which consists of a pulley. A, having its axle 
resting on two friction-wheels at each end, as repre- 
sented by the dotted circles. These friction-wheels 
have their pivots, or axles, accurately and delicately 
fixed, so that thp pulley A may be subject to as little 
eflfect of friction as possible. A clock which goes for ®^ 
a few minutes, with a second's pendulum and dead- W 
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beat escapement, is connected with the frame-work supporting- 
the machme. 

Let P and Q be the weights of the bodies suspended from 
the ends of the cord passing over the pulley A. If P= Q, thqr 
will balance ; but if one (P) be greater than the other (Q), it 
will descend and draw the other upwards, with a force =P — Q, 
which is the pressure setting in motion the masses of P, Q, and 

P Q 

of the wheel-work A. The masses of P and Q are — and — 

9 9 

respectively. Let / represent the inertia or mass of the wheel- 
work, acting upon the cord connecting P and Q. 

P+Q 

The whole mass set in motion = +/, and the pressure 

. ? 
producing motion =P--Q. Now, it is found that when these 

two quantities are kept in the same proportion to each other, 

the velocity acquired in a unit of time is the same; or the 

pressure varies as the mass moved, when the velocity is constant. 

If part of Q be taken successively away, and added to P, so 
that the mass moved remains the same, it is found that the 
velocity acquired in a unit of time is proportional to P— Q ; or 
the pressure varies as the velocity acquired in a unit of time, 
when the mass moved is constant. 

When both the mass and velocity change, by the rules of 
variation, we have generally, 

pressure varies as mass moved multiplied by the velocity 

generated in a unit of time, 

varies as mass multiplied into accelerating force ; 
varies as moving force. 

ON THE PARALLELOGRAM OP VELOCITIES. 

1. Prop. If two velocities be impressed upon a body at the 
same instant^ the actual velocity of the body will ^e represented in 
direction and magnitvde by the diagonal of the parallelogram 
formed upon the lines representing the impressed velocities. 
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Let a body at A have a velocity 

impressed upon it v^hich would carry 

it with a uniform motion &om A to 

^in a given time, and another velo- 

city at the same instant which would 

cany it similarly from ^ to C in the 
same time. If we complete the pa- ^ 
lallelogiam AJBDC, the actual path of the body will be the dia- 
gonal ADf described in the same given time. 

By the second law of motion each velocity is impressed in- 
dependently of the other, and if the body had passed over the 
spaces Aci, Ac^ Ac^y in any times in the direction of Ac^ it 
would have passed over the spaces c^^^ cj)^, C3&3, parallel to AB 
in the same times respectively ; so that the latter spaces bear to 
the former respectively the same ratio that AB bears to AC, 
and therefore the points b^y h^y 63, will be all in the straight line 
ADy which is the diagonal of the parallelogram. The body 
will also have arrived at D in the same time as it would have 
passed over either of the spaces AB or AC. 

S. Prop. Having given a velocity, to find the component 
velocities in any directions at right angles to each other; and 
hairing given two component velocities at right angles to each 
other, to find the resultant velocity of a body. 



Let Ax, Ay^ be the directions, at ^ 
light angles, in which the components 
are required. Let AD represent the 
velocity {v) of the body in direction 
and magnitude, a the angle which 
JB makes with Ax. If we com- 
plete the right-angled parallelogram 
ABDC, the side AB will represent 
the velocity (a) in Ax, and AC (6) 
that in Ay. 

Then AB= AD COS. » 

or, o=«7cos.a 




AC=ADsin.a, 

b=vsm.oL 



Again, if the components a and b in Ax, Ay, are given to 
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find the uiagnitude and direction of the resultant velocity v, w 
Imyv 

and tan.a=- as required. 
a 

Wo have seen in Statics that, if two bodies are in equili 
briuiu from their mutual pressures, their actions upon eacl 
ikUier must be equal and opposite ; so also with two bodies h 
whicli motion takes place, the mutual pressures or actions an 
equal and opposite. By the third law of motion, the moving 
force is proportional to the pressure ; and hence when two bodie 
move by the effect of their mutual actions, the moving force pro 
duced in each of the bodies is the same in magnitude, but oppo 
aite in direction. 

This consequence of the third law of motion is called th< 
principle, that action and reaction are equal and opposite, eacl 
being measured by the momentum, generated in a given time, 
the effect being considered uniform during that time. 
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CHAPTER II. 

ON THE IMPACT OR COLLISION OF BODIES. 

-^HEN two bodies in motion impinge, they exert a mutual but 
Taiying pressure, during an interval of time which is generally 
reiy short. The forces called into play are subject to the prin- 
ciple that action and reaction are equal and opposite; and since 
this is true at each instant of the mutual pressures, the whole 
effects of the impulsive forces will be subject to the same principle. 

When it is the final and completed result that we require, 
we have only to consider the mutual pressures in the collision to 
have produced their full effect and to have ceased; we can, how- 
erver, find the circumstances of the motion of the bodies during 
the short interval of mutual pressure, by emplojdng a higher 
analysis than can be admitted in this treatise. For example, 
if the mutual pressures of 
the bodies A and B in the 
figure acted by a spiral 
spring of known elasticity, 
the circumstances of the motion of each body during the com- 
pression of the spring are easily determined. 

When natural bodies impinge, we have a similar case to the 
one just taken for example. 

If two surfaces of india-rubber be pressed against each other, 
we see them flattened by the pressure, but recover their former 
shape as the pressure is removed. Although not so perceptible, 
the same takes place in other elastic bodies. 

During the impact of two elastic bodies, the force urging 
them towards each other is called the force of compression^ and 
the opposing force causing them to separate again is called the 
force of restitution. The ratio which the force of restitution 
bears to the force of compression in any bodies of the same ma- 
terial or substance is nearly the same for all degrees of comi^res- 
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sion, and measures the elasticity of the substance. The value of 
this ratio is called the modulus of elasticity. 

The whole force of compression is measured by the momen- 
tum destroyed during the approach; and the whole force of 
restitution by that generated during rebounding; and the mo- 
mentum destroyed or generated in one of the bodies equals that 
destroyed or generated in the other, because action and reaction 
are equal and opposite. 

Let € be the modulus of elasticity of two bodies whose 
masses are A and By which, moving with their centers of gravily 
in the same straight line, meet directly with the opposite velo- 
cities a and 6, and rebound with the opposite velocities ci and h' 
respectively: let r be the velocity supposed in the direction of a, 
common to both bodies at the instant when compression ends 
and rebounding commences ; we have 

11 1. 1 ^« '^ whole force of restitution 

modulus of elasticity = . , n ? = — 

•^ whole lorce of compression 

_ momentum generated in either ^ or J? in rebounding 
^momentum destroyed in either A or B during compression 
which gives us 

€=—7; f or, €a— €v=a +t7 

Aia—v) 

, BiV-v) . ,, 

and €= ■ ;, . — f or> ^oH €i?=6 -«? 

B\Jb-\-v) 

adding, we eliminate t?, and have 

o' + ft' 

6 = - 

a + 6 

_ velocity of separation 
"~ velocity of approach 

so that when experiments are tried in which the velocities of 
reboimding can be determined for any given velocities of impact, 
the above ratio gives the modulus of elasticity. 

Bodies suspended by fine cords, and allowed to oscillate in 
circular arcs of given radius about a fixed point as center, 
acquire, as will be shewn in the chapter on constrained motion, 
velocities at the lowest point which are proportional to the chords 
of the aTC% fallen through, and similarly they ascend through arcs 
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of which the chords are proportional to the velocities impressed 
upon them at the lowest point of the arcs. They are also shewn 
to &11 down all small arcs of the same circle in the same time. 
If two bodies be suspended in this manner, so as to impinge 
at the lowest points of the arcs they describe, and be let fall 
simultaneously from given points, we know the velocities with 
which they impinge, and by observing the arcs through which 
they ascend after rebounding, we know the velocities of re- 
bounding, and so have sufficient data to determine the modulus 
of elasticity. 

All known solid bodies are imperfectly elastic — that is, in 
all, the force of restitution is less than the force of compression ; 
but we have none without some force of restitution, or which 
are perfectly non-elastic. Experiments to prove the mathema- 
tical results for the impact of non-elastic bodies require to be 
tried with balls of soft clay recently worked up, so that they 
adhere together after impact, or balls of wood with metallic 
spikes fixed in one of them, which entering the other ball pre- 
vent them separating again after impact. 

We axe indebted to the excellent experiments of Mr. Eaton 
Hodgkin^on for our more accurate knowledge of the properties 
of impinging bodies. The following table of moduli, and the 
rule fpi: bodies of different hardnesses, are from his results : 



Perfect elasticity 

Glass 

Hard-baked clay 

Ivory 

Limestone 

Steel (hardened) 

Cast-iron 

Steel (soft) 

Bell-metal 

Cork 

Elm- wood, across the fibres . . 

Brass 

Lead 

Clay, just malleable by the hand 



Modulus of 
Elaatidty, 



•94 
•89 
•81 
•79 
•79 
•73 
•67 
•67 
•66 
•60 
•41 
•20 
•17 
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In the impacts between bodies whose hardness differs in any 
degree, the resulting ehisticity is made up of the elasticities of 
both, according to the following formula : 

modulus of elasticity from both= i , w 

where h and Ji are the relative hardnesses, and e and J the 
moduli of elasticity respectively, of the bodies. 

From this rule it results, that if one of the bodies is much 
harder than the other, the effective elasticity is that of the softer 
body nearly. 

3. Prop. To find the common velocity of two nan^kutic 
spherical bodies after direct impact. 

Let A and B be the masses /^'"^ /'bN 

of the bodies as in the figure, I ^y ^ {) ^ 

moving in the hne joining their ^-^ 

centers as indicated by the arrows, so that they impinge directly, 
and not obliquely , when A overtakes JB, 

Let a be the velocity of A, b of JB, and a greater than b. 
Let V be the velocity after impact, which is to be found. The 
velocity lost by A is (a— «?), and that gained by jB is (t>— 6). 

Since action and reaction are equal and opposite, we hav^ 
the momentum lost by A equal to the momentum gained b; 
-B, or 

A{a-v)-B{v-b) 

Aa+JBb 



whence «;= 



A-\-B 



When the bodies are moving in opposite directions, we mus't 
take the velocities with contrary signs. Let B*s velocity be — &^ 
we have 

Aa^-JBb 



«;=■ 



A-{-JB 
If Aa==Bby then v=0, or the bodies remain at rest afteJ^ 
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impact. If Bb is greater than ^a, then v is negative, or in the 
direction of ffs motion. 

4. Prop. The velocities of two imperfectly elastic spherical 
bodies bf the same substance which impinge fUrectly being given, 
it is required tojmd their velocities after impact. 

Referring to the figure of the last Prop,, let A and B be the 
masses of the impinging bodies A and B; let a, h be their velo- 
dlies respectively before impact ; d, V those after impact, which 
are to be found. 

Then, if 6 be the modulus of elasticity of the bodies, we 
have 

_ velocity of separation 
"~ velocity of approach 

1 =^ (•) 

" and momentum lost by ^=ji (a — a') 

momentum gained by B=Bib'~b) 

Since action and reaction are equal and opposite, we have 
A(a-a)=B(b'-b) (2) 

Substituting in (3) the values of V and a' successively from 
(1)( we have 

, Aa+Bb Bt(a-b) 
^^ '- A + B A + B 

^H .. Aa+Bb Atja-b) 

^B A+B A + B 

If i? be moving in the opposite direction to A, and we con- 
sequently take its velocity negative and equal to — 6, the ex- 
pressions become > 
J Aa-Bb Bt{a + b) 
"- A+B A+B 
^■_ « Aa-Bb , At(ct + b ) 
^m '-^f+3"+ A+B 
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If B were at rest, or 6=0, the expressions beoome 

,_ a(A-Bi ) 

A->fB 
We see that V can never in this case =0, but d will =0 if 

A 
B=' 

If in the preceding expressions we put 6=1, the results will 
be those for perfectly elastic bodies. 

If we take A=B, and € = 1, when the bodies meet, moving 
in opposite directions with any velocities a and b respectively, 
we have the expressions becoming 

a'=i(a-6)-i(« + *) = -* 

or, in direct impact the balls exchange velocities. 

If we have a series of n perfectly elastic and equal balls ar- 
ranged in one straight line, and the ball fiX one extremity be pro- 
jected against the r^ ^ r^ r\ /^ /^ /^ 
next, each baU vdU ^ '^ W ^ kJ K^ Ct 
remain at rest after striking the succeeding one until we come to 
the last, which wiU fly off, having the velocity vnth which the 
first was projected. It is immaterial at what distances the balls 
be placed ; a,nd if in contact, the impinging of the first ball ap- 
pears to produce no visible effect but causing the last one to fly 
off vrith its velocity of impact, the others remaining stationary. 
The same holds good for imperfectly elastic balls, if each bears 
to the one it strikes the ratio 6 : 1, as we see above in the case of 

— = e, when af=0 whatever a may be, when 6=0. 

5. Prop. If any two spherical bodies of the same substance 
impinge directly , the motion of their center of gravity after impact 
is the same as before impact. 

Since the bodies impinge directly, their common center of 
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gamty, both before and after impact, will be always in the line 
joimng their separate centers of gravity ; or its motiim will be 
always in this line» 

Let u be the velocity of the common center of gravity of the 
bodies A and B, moving in the same direction with velocities a 
and b respectively, before impact. 

Let Xif x^ Xi be the distances of the centers of A and B^ 
and of their center of gravity from any fixed point in their line 
of motion, at any instant ; x(^ x^, Sf the same quantities after 
an interval of time t^ so that 

Xi ^=Xi-\-at 

X2=^X2'\-bt 

By the properties of the center of gravity (Articles 34 and 
16 in Statics), we have 

(A+B)£ -Ax^ +5a?2 (1) 

{A-\-B)xz=,Ax{-\-Bx^ 

or substituting for *?, a:/, j?^ , the values above, the latter equa- 
tion becomes 

{A-\-B){x-\'Ut)^A(x^'\-at)-k-B{x2^bt) 

Subtracting (1) from this, we have 

Aa-{-Bb 

which is the same as the velocity of the center of gravity of non- 
dastic bodies after impact. 

Let ti be the velocity of the center of gravity of the bodies 
after impact when imperfectly elastic ; we have similarly, 

, Ad+BV 
^^-jTfB- 

Substituting the values of a and b' from Article 4, we have 

, A /Aa^-Bb Be{a-b) \ B (Aa + Bb A€{a-b)\ 
2TA A-hB A'\-B rlTl^ A+B ^ A+B ) 
Aa-^-Bb 



A-^-B 
V the velocity of the center of gravity is unchanged by impact. 
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When a body impinges against b, fixed plane surface^.we can 
determine its motion after impact, if the direction of the motion 
and velocity before impact be given, together with the modulua 
of elasticity between it and the plane. 

The angle which the direction of the motion before impact 
makes with the perpendicular to the surface at the point of 
impact is called the angle ofinddence^ and the angle which the 
direction of the motion after impact makes with the same line is 
called the angle of rebounding or of reflexion. 

6. Prop. If a smooth non-elastic body impinge on a smooth, 
non-elasticy hard, and fixed plane, it will, after impact, sUde 
along the plane* 

Let the body A impinge upon the ^ 
plane JBC at JB, making an angle a with 
£N, the perpendicular to the plane at 
B ; let the velocity of A be t?. 

The component of v parallel to the 
plane =17 sin. a; this will not be changed 

by the impact, since the ball and the plane are smooth. The? 
velocity perpendicular to the plane after impact will be nothing^ 
since there is no elasticity ; therefore the body after impact wDl 
slide along the plane with the velocity v sin. a. 

7. Prop. To determine the velocity and direction ofmotiom 
after impact, when an imperfectly elastic spherical body impinges 
obliquely on a smooth, hard, and fixed plane. 

Let the body A in the figure im- ^ 
pinge on the plane JBC at JB, making 
the angle of incidence ABN=a; let 
a =the angle of reflexion NBD. 

Let the line PB represent v the 
velocity of the body before impact ; 

draw PN parallel to BC, then PN represents the velocity of 
the body parallel to the plane =v sin. a, and BN represents the 
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velocity perpendicular to the plane =9 cos. a. If e be the mo- 
dulus of elasticity between the body and the plane, the velocity 
perpendicular to the plane after impact will be ev cos* ot;=: MB, 

if we take rr==r =€. 

From M measure MQ=NP the parallel velocity, which is 
unchanged in impact, since the plane and body are smooth ; 
BQD is the direction of the motion after impact, and the line 
BQ represents the velocity. Now 

BQ^=MQ^-hJBM^ 

= v^ sin.^a + e^v^ cos.^a 
Or if w be the velocity after impact, we have 

u=v v^sin.^a + e^ cos.^ a 



Also, 



, , MQ PN 
tan.a = = 



MB e.NB 

tan.a 



which give the direction of the motion and the velocity after 
impact. 

If the elasticity be perfect, or 6=1, we have 

a =a, and tf=r 

8. Prop. To find the path of a body which, having parsed 
through one given point, after rebounding from a given plane, 
passes through another given point. 

Let MBE be the given plane; 
A the point through which the body 
is projected; D the point through 
which it passes after rebounding from 
the plane. 

Draw a perpendicular AMC to c 

the plane through A, and if € be the modulus of elasticity be- 

MC 

tween the body and the plane, take --rn^^* Draw through the 
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points C and D the line CBD, <;utting the plime in B. Join 
JtB; then JB, BD is the path required, or the body projected 
from A in the direction AB will rebound in the direction BD. 

For the angle of reflexion 2)5iV= angle BCM, and angle of 
incidence ABN= angle BAM^ 

.'. tan, DBN^taxi. BCM 

SM 



■>*«'« 



MC 

_ BM 
"e.MA 

tan. ABN 

6 



or the angles ANB and DBN have the required relation as 
found in the last proposition. 



EXAMPLES IN IMPACTS. 

Ex. 1. Two bodies A and B, whose elasticity is m, moving 
in opposite directions with velocities a and h^ impinge directly 
upon each other; shew that their distance at a time t after 
impact is ^m(a + 6). 

Ex. S. If two perfectly elastic balls^ whose masses are in 
the ratio 1 : 3, meet directly, with equal velocities ; shew that 
the larger one remains at rest after impact. 

Ex. 3. When two perfectly elastic bodies impinge directly, 
shew that the sum of the vvres viva after impact equals their 
sum before impact: or, prove the expression 

Aa^ + Bb^=Aa'^-\-Bb'^ 

Ike. 4. When two perfectly inelastic bodies, A and B^ mov- 
ing in the same direction, impinge, shew that 

^-h£: A : : relative velocity before impact : velocity gained by B, 
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Ex. 5. An imperfectlj elastic ball is projected from a point 
n the circumference of a circle, and after twice rebounding from 
;he circle returns to the same point again ; shew that the direc- 
ion of projection makes an angle ot with the radius drawn to the 
point of projection which is given bj the equation 

3 
€^ 

tan.a = — ., 



CHAPTER III. 



ON UNIFORM ACCELERATINO FORCES AND GRAVITY. 

According to the defimtion of a uniform accelerating fore 

Chapter !•> ^^ velocity generated by it in the same timi 

always the same^ and, by the second law of motion, is imaffe< 

by the previous motion of the body. If we put /=the fo 

measured by tiie velocity it generates in a unit of time, we s 

have the velocity generated in t units =/^. Writing v for 

velocity acquired by tiie body at tiie end of the time t from x 

we have therefore 

v-ft 

9. Prop. To find the relations of the space, time, and fc 
^ when a body moves from rest under the action of a unif 
accelerating force. 

The velocity of the body is continually increased from 
toft, if ^ be the time and /the force. Let * be the whole sj 
descfibed in the time t, and let t be divided into n equal 

tervals, each =-• The velocities at the end of tiie times, 

n 

t 2t 3t 4ft \ {n-l)t 

n n n n n 

will be respectively, 

n ^ n n n n n 

Now, if the body moved uniformly during each interval of ti 
with the velocity it had at the beginning of the interval, fi 
the expression space = velocity x time, we should have the wl 
apace s egual to the sum of this series : 
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=/^{l+2+3+&c. . . . (»-l)} 

J±J£. 
2 2n 

It the body. had moved u»i/brt»^ .during each interval, of 
time with the velocity it had at the end of Hae interval, we 
should have t equal the sum of this series : 

\n^ 2 

Since the velocity is continually accelerated^ the true value of 
* will be between these two quantities, however small each in- 
terval may be, or however great n may be; but when n is inde- 
finitely great, the last terms in each of the above expressions 
vanish, and we have therefore 

10. Between the two equations «?=/^, and s^ift^, we may 
eliminate either /or t, and thus obtain 

v^=2fs s=ivt 

The expression «=J«?^ shews us that the space described 
&om rest by the action of a uniform accelerating force is one 
half of the space which would have been described in the same 
time if the velocity had been constant and equal to its value at 
the end of the time. 

If we put ^=1 in the equation «=i/<^ we have/= 28; or. 
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f, which is the Telocity generated by the force in a unit of time, 
is measured by twice the space through which the body fjEdls in 
a unit of time. It is found that a heavy body in our latitudes 
falls through a space of nearly 16*1 feet in the first second of 
time ; therefore, if we put g = the accelerating force of gravity, 
we have g = velocity of 3^*2 feet per second of time, or, with 
the xmderstanding that one second is our unit of time, we write 
g = 32-2 feet. 

This value of the force of gravity is only an approximate 
value fot nnall heights above the earth's surfieKse. 

Sir Isaac Newton's law of universal gravitation is, that every 
particle of matter attracts every other particle vnth a force 
which varies directly as the mass of the attracting partide, and 
inversely as the square of the distance. It is also shewn that a 
spherical body equally dense at equal distances firom its center 
attracts a particle outside its surface as if the matter of the 
sphere were collected at its center; so that, considering the 
earth such a sphere, if ^ be the force of gravitation at the sur- 
face, / the force at any point exterior to the surface at a distance 
r from the center, and R be earth's radius, we have 

/ 1 1 

- IP 

=^ itf^^gB^ 

^ in this expression is called the absolute accelerating ibrcep for 
it i« the value of/ when r=l. When It is taken for unity^ r 
must be expressed in terms of the earth's radius, and /jk=g^ 

Whw r is very near JR, or for small heights above the earth's 
nuriao^t w^ have /= jr very nearly, or we may take gravity as a 
oousUut a^^erating force in that case. It is found that, on 
uccouut oi th^ diurnal rotation of the earth on its axis, its figure 
diffeiii iiuumbiiy IViuu splierical, being flattened at the poles and 
bu^ii)g Hi t)u» ^MaHir, or is an oblate spherokL The centri- 
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fugal force (see Article Si), bein^ produced by the diurnal rota- 
tion, is greatest at the equator, and is there directlj opposed to 
the force of gravity. It is also nothing at the poles. The 
resultant gravitation of a heavy body is affected by the direct 
action of the centrifugal force and its indirect action through the 
change of the figure of the eardu The ratio for the equator and 
poles is as follows : 

gravitation at the equator : gravitation at the pole : : 144 : 145. 

We can, for these reasons, only consider gravity as constant for 
the same latitude on the earth's surface, and for small altitudes 
above it. The direction of gravity at each point on the earth's 
surface being perpendicular to the surface taken as that of still 
water, does not pass accurately through the center of the oblate 
spheroid. 

11. Prop. A body being projected with a given velocity u 
in the direction in which a uniform accelerating force f acts ; to 
find its velocity, and the space passed over in a given time. 

If V be HbB velocity, s the space described at the end of the 
tune t, we shall have, by the second law of motion, 

«?=velocity of projection + velocity from the action of the force 
=u±ft 

where the upper sign is to be taken when the force accelerates 
the velocity, and the lower when it retards it. 

In the same way, 

space described = space due to velocity of projection + the space 

due to the action of the force 

or, s=^ut±\ft^ 

the upper and lower signs to be taken as before. 

12* Prof. A body being projected with a given velocity u in 
the direction in which a uniformly accelerating force f acts ; to 
find its velocity when it has passed through a given sp<tce. 

Let tr be the velocity when the body has passed through the 
space s. 



138 ELEMENTARY MECHANICS. 

Let h equal the space through which the body must pass to 
acquire the velocity u by the acftion of the force. Then 

and for the space h±8 we have 

=u'^±2f8 
The signs to be taken as in the last proposition. 

* 

13. Prop. To find tlie time of flight or of ascent and descent 
of a body projected in an opposite direction to the action of the 
force* 



B 



Let the body be projected from A with a velocity 
u» After ascending to some point B, it will return 
to A again. From the expression v=^u—ftj we have 
for ^=0, or at time of projection d=u; at J?, the 

highest point, 9=0, or ^=-=time of ascent; when 

t=—f we have «?=«— /(-jr) = ^^ / or the velocity 

acquired in descending during any time is equal to 
the velocity lost in the same time in ascending. 

Also, from v^=u!^^2fs, we have s= — qT—; or * 

is the same when v is the same ; if AC^s^ we have the velocity 
at C the same when the body is ascending as when it comes to 
the same point again in descending, and the time in passing 
from C to 5 in the ascent is the same as in falling from JB to C 
in the descent. 

Consequently the whole time of flight from leaving A to 

^ . . . ^ 2u 
conung to it agam is ^=— • 

•/ 
Uifl>u^, s is negative, and must be measured below A. 
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EXAMPLES ON THE DIRECT ACTION OF GRAVITY AS A 
CONSTANT ACCELERATING FORCE. 

Ex. 1. Find the velocity a stone will acquire in falling 
during four seconds by the action of gravity near the earth's 
surface. 

In the expression v^gt, we have here ^=4, 5r=32*2, 

.•.t?=4x 32-2= 128-8 
or the stone has acquired a velocity of 128*8 feet per second. 

Ex. 2. Find the space the stone in the last question had 
fallen through in three seconds. 

Using the expression s^^gt^^ we have 

space required =i X 32*2 x 3^ 

= 144-9 feet 

Ex. 3. Find the velocity the same stone had acquired when 
it had fallen through a space of 150 feet. 

The expression v'^^^gs gives us 

^?2=2x 32-2x150 
=9660 

or t?=98-3 feet per second nearly, which is rather more than the 
velocity which would be acquired in three seconds. 

Ex. 4. A heavy body is projected directly downwards with 
a velocity of 100 feet per second ; what is its velocity at the end 
of five seconds ? 

The formula v^u+gt gives 

17=261 feet per second. 

Ex. 5. A heavy body is projected directly upwards with a 
velocity of 100 feet per second ; find its velocity at the end of 
five seconds. 

We have now the expression v^zu^gt. 
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and here t?= 100— 32-2 x 5 

= -61 

The negative sign shews that the body is coming down again, 
and the velocity is 61 feet per second. 

Ex. 6. Find how long the body in the last question con- 
tinued to ascend. 

At the highest point the velocity =0, 

.-.0= 100-32-2 x^ 

or, ^=2rr^=3'l seconds. 
32-2 

Ex. 7. To find the height to which the body in Ex. 5 
ascended. 

The formula for this case is v^^ul^—Zgs, and at the highest 

• /\ u^ 

pOmt 17 = 0.'. J? = rr-, 

2y 
or, space ascended = 



2 X 82'2 

= 156-2 feet 

Ex. 8. A body is projected vertically upwards^ and returns 
to the same point in ten seconds ; shew that the velocity of 
projection was 161 feet per second. 

Ex. 9. Shew that when a body falls from rest by the 
action of a uniform accelerating force, the spaces described in 
successive equal intervals of time are as the series of odd num- 
bers, 1, 3, 6, 7, 9, &c. 

Ex. 10. A stone being let fall into a well, it is heard 
to strike the water in T seconds ; required the depth of the 
welL 

Let s be the depth of the well, m the velocity of sound =1100 
feet per second, nearly. 
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Then 7= time of the stone faDing+tiie time of aotmd returning. 

^ g m 

or, «4- V*. — -zz-^mT 

a quadratic equation in \^; whence 



nfl w 



^9 V2g 
which gives 8^ and the upper sign only is admissible. 

Ex. 11. A body is thrown vertically upwards with a velo- 
city u ; find the time of its being at a given height &• 

Let t be the time required, 
whence f^^t^^^'—^O 

g g 



:, ^ss— = -^* 



or, 

g 



The lower sign gives the time as the body ascends, and the up- 
per sign the time as it comes down again, when at the height h. 
At the highest point there will be only one value of ^, and 



u^ 



.'. ^^^2—2^=0, or A=— , as we should find by other modes. 

Ex. 12. A body of given elasticity is projected upwards 
with a given velocity u to strike a horizontal plane, and in t 
seconds returns to the point of projection ; required the distance 
of the plane from that point. 

Let the body be projected from A , I 

with the given velocity «, and strike 
the horizontal plane at B with the ve- 
locity V. 

Let the velocity of rebounding at B 

be v\ and the modulus of elasticity be e. 
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/ ^ Let AB^9^ the distance which is to be found. 
Let t^ be the time of ascending to B. 
- ^2 ~ ~ ~ descending from B to A. 

Then t^+'t^=^t (1) 

and t? = f«— ^r^i * i7' = €i> 

^eiu-gt,) (2) 

Substituting for t?' and ^2 their values from (2) and (1), we have 
a quadratic equation in ti whidi gives 



Substituting this value of ti in the expression 

s^ut^-^gti^ 

we have s as required, the lower sign only being admissible.. 

Ex. 13. Shew that a body falling by the action of gravity 
acquires a velocity of 1000 feet per second in 31 seconds nearly. 

Ex. 14. Shew that if a stone be thrown directly upwards 
with a velocity of 40 feet per second, it is returning down again 
after an interval of 1 J seconds. 

Ex. 16. Shew that the stone of the last example would 
ascend to a height of 34'8 feet. 

Ex. 17. An imperfectly elastic ball falls upon a hard floor 
from a height A, shew that it will rebound to a height e^A. 

Ex. 18. A stone falling from a steeple passes through the 
last i of the height in ^th of a second ; shew that the height of 

the steeple is ?|(7+4>/3). 



CHAPTER IV. 



ON PROJECTILES. 



In the last chaptei: the motion of a body projected vertically 
upwards or downwards, under the action of gravity, was con- 
sidered; the whole motion taking place in the vertical line 
through the point of projection. When the direction ia any 
other than vertical, the path of the body is an arc of the curve 
called the parabola. By the second law of motion, gravity pro- 
duces its full effect independent of the motion of projection : 
and we may consider the latter as compounded of a horizontal 
and vertical motion. The latter of these only can be affected by 
the action of gravity on the body. 

14. Prop. To determine the path of a body prelected in a 
given direction, with a given velocity , under the action of gravity. 

Let V be the velocity of 
projection from the point A, 
in the direction A Ty\ and 
let t be the time in which the 
body would have described the 
space AT with the uniform 
velocity t7, if gravity had not 
acted. 

If TP be the space due 
to the action of gravity in the 
time t, P will be the actual 
place of the body. 




Now, -4r=i?^ 



PT=:^gt^ 
2v^ 



eliminating t, A T^=zZl^P T 

9 



(1) 
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If we draw A Vx a vertical line, and taking A V^^^PT^ com- 
plete the parallelogram ATPVy we have A r=j/, PV^y\ the 
oblique co-ordinates of the point P. 

Let also h be the height from which the body must fall to 
acquire the velocity i?, or A=^, we have from (1) 

which, as seen in treatises on conic sections, is the equation to 
a parabola whose axis is parallel to Asi^ and therefore vertical, 
Ay' a tangent at the point A^ and h the distance SP a£ the focus, 
and also of the directrix from A, With tiiese data die parabola 
to represent the path of the body can be described. 

15. Paop. Tojimd the equtUion to the path of a prcgeetUe 
when referred to axes of oo^ordinatee ^hich are horizontal and 
vertieal. 

Let V be the velocity of 
projection in the direction ^ 
AT, which makes with Ax 
the ar^le of elevation of the 
projectile TAx=:^oL. ILetAPB 
be the path, and AM=x, 
PM=^yy the co-ordinates of 
any point P. Let t be the 
time in which the body de- 
scribes the arc AP ; and let 
PM produced meet AT in T, we have 

AT-vt • TP-^ge^ 

AM=x=vt COS. a, PM=iy =ivt sin. a-- ^gt^ 

Eliminating t, we have from these equations 

y=a?tan. «~a^ ., ^ 
^ SJt?2cos.2a 

the equation required ; or substituting, as in the last Prop* 




v 



*=^' 



2 



X^ 
y^XtBXX.OL'^-r-i TT- 

^ ifh cos.^a 
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Definitions. The /torizontal range of a projectile is the 
distance AB from the point of projection to the point where it 
strikes the horizontal plane in its descent. I%e time of flight is 
the time it takes in describing APB. 

16. Prop. To find the time of flight of a projectile on a 
horizontal plane. 

We have generally, as in the last proposition, 

y=^vtfm.eL^\gt'^ 

and if we put y=0, or t?^ sin. a — ^^^^^=0, the result will apply 
to the points A and B only ; and the values of t are 

^=0 at the point A 

. 2»sin.a . . , • X T> 
^= at the pomt B 

9 
which is, therefore, the time of flight required. 

We should have arrived at this result by the same method as 
in Article 13, by putting for «, the vertical component of the 
velocity of projection, v sin. a. 

17. Prop. Toflnd the range of a projectile on a horizontal 
'plane. 

If we put y =0 in the equation, 



^2 Q 

y=j:tan.a— TT-r — '^ ^ 



we have 0=a?tan. «— a? ^,, « o 

J<5t?*cos.'a 

The result, as before, applies to the points A and J5, and 

jp=0 at the point A 

^t?^ sin. a cos. a ^ , . . t> 
xz=i at the point B, 

9 

.^ i?2sin.2a 
or, AB=^ 

9 

=^^sin.Sa 

which is the horizontal range required. 

This value of AB varies with the angle of elevation a, and is 
greatest when sin.2a= 1, or a= 45°, v remaining the same. 

L 
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Since sin. (-^+ 0)=mi.(-^— 0) 

or, sin.2(45°+|) = sin.2(45°-|) 



if we put either 45°+^ or 45°—-, for m in the equation for 

AB, we have the same result ; 
or, as in the annexed figure, 
if AB be the greatest range 
of a projectile when the angle 
of elevation is 45®, we shall 
have AB^i a less horizontal 
range corresponding to either 
of the paths -4i^^, or ^P"i?, 
when the elevation of one was 
as much above 45° as that of 
the other was below it. 

We see that the horizontal range is the ^pace which would 

be described with the imiform horizontal velocity vcos.a, in the 

.. ^n. , . 2t?sin.a 
tune of flight . 

18. Prop. To find the greatest height which a projectile 
attains. 

The greatest altitude is evidently the value of y at the middle 
point of the path above a horizontal plane, or when the time is 

one-half of the time of flight, or ^= 




f sin.a 



Putting this value of t in the expression 

y=t?^sin. «— ^^^^ 

u xu i. ^ 1^-^ J r^sin.^a .tj^sin.^a 
we have the greatest altitude = \ 



»^sin.^a 



9 
= A sin.* a 

Comparing this expression with ^=5-, we see that the 

^g 
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greatest altitude the projectile attains is that to which it would 
rise by the vertical compon^it f7sin.« of the velocity of pro- 
jection. 

19. Pb^p. To shew that the velocity at each point of the 
paraboUo path of a prqfectile U that which would be acquired in 
falling directly from the dArectrUo. 

In Article 14 it was shewn^ that if h be the height due to the 
velocity of projection^ it is also the distance of the point of pro-* 
jection from the directrix of the parabola described* Now^ if 
any point in the parabola were taken for the point of projectioQi 
and a body were projected from it with the same velocity and 
direction which it has in the parabola^ it would describe the 
same parabola ; and therefore what holds for the point of projec- 
tion holds also for all other points of the path. 

20. Prop. To find the point where a projectile will strike 
an vncUned plane through the point of projection, and its distance , 
or the range on the inclined plane. 

Let y=xta.n.fi be the equa- ^ 
tion of the line AC, which is the 
mtersection of the inclined plane 
with the vertical plane in which 
the body is projected. 

Combining this with the equa- 
tion of the paifli of the projectile ^ — -' " 
in Article 15, namely, 




^ = a7tan.a— 



x» 
4Aco8.2a 



we have the co-ordinates of the point C 

C0S./8 
— /L I ^Qs.« . sin. ff . «n. {«^/8) 

^-** ^s^ 

and the distance AC= s/x^-\-y'^^x set^fi 

. J, COS. a , sin. (oL—fi) 
cos.^p 
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EXAMPLES IN PROJECTILES. 



Ex. 1. Two bodies axe projected from the top of a tower 
with the same given velocity at different given angles of eleva- 
tion, and they strike the horizontal plane, at the sa^le point. 
Required the height of the tower above the plane. 

Let A be the point of pro- 
jection, and B the point where 
the bodies strike the horizontal 
plane. 




Since the velocity of pro- 
jection is given, A, the height 

from which the bodies must fall to acquire it, is known, 
and )3 be the given angles of elevation. 

We have to find — y, the height of the tower, by eliminating^ 
X from the two equations, 

— y=a:tan.a— 2-r(l +tan.2a) 
-y=a?tan.)8-|^(l +tan.2)8) 

which give y= (tan.a-htan.^) tan.(a-f /^) 
the height required. 

Ex. 2. Find the angle of elevation at which a body must 
be projected with a given velocity in J' 
order to strike the summit of an ob- 
ject whose height and distance are 
given. 

Let A be the point from which 
the body is projected to strike the a 
point -B, whose co-ordinates are a;=a, y=i. 

Putting these values in the equation to the path of the pro- 
jectile, we find. 




tan.«= 



_ 2A± v^4A(A-5)~g^ 
a 
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Ex. 3. Shew that the lattis rectum of the parabolic orbit 
equals four times the space through which the body must fall 
to acquire the horizontal component of the velocity of projection. 

Ex. 4. Shew that the time of flight on an inclined plane is 
given by the expression 

4Asin.(flt— )8) 

V COS. fi 

« 

Ex. 5. A body is projected with a velocity due to the 
height A, at an elevation «; shew that it ranges on a horizontal 
plane elevated a height H above the point of projection to a 
horizontal distance from that point 

=Asin.2«{l+\/l--^iri 

^ Asm.^aj 

and that the time of flight is 

V— sin.«{l-fVl- , . ^ [ 



CHAPTER V. 



ON CONSTRAINED MOTION. 



When a body acted on by any force is constrained to move in 
some particular manneri as> for instance, when a body falls down 
an inclined plane, or a curve, or swings as a penduliun, we call 
it a case of constrained motion* 

21. Prop. To determine the relations of the time, space, and 
velocity when a body falls by the action of gravity down an in- 
dined plane. 

Let the body fall from the point ^b 

B, down the inclined plane AJB, 
whose inclination to the horizontal 
line AC is 01. 

Let a be its position at any time 
t from rest, Ba=s, i?= velocity at a. ^ 

The force / which urges the body down the plane is the 
resolved part of gravity in that direction, or 

/=^sin.« 

which, being a uniform force, we have only to put the value in 
the expressions found in Articles 9 and 10, for the required re- 
lations of s, t, and v. 

The expressions v=ft, s=\ft^, v^^2fs, become respectively, 
V =ff sin. u,t, s^^g sin. a . t^, v^ = 2^ sin. a . s, from which the 
whole circumstances of the motion can be determined. 




22. Prop. To shew that the velocity acquired in falling down 
an inclined plane is the same as would be acquired in falling 
down the perpendicular height directly. 
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l^en the body arrives at A^ the space described is AB; 

putting this value for s in the expression r^=S^sin. a.j?, we 

have 

v^x2ffAjBsm,a 

=2ffBC 

the expression when the body falls directly through the height 
BC of the plane. 

23, Prop. To shew that the times down any inclined planes 
are proportional to the lengths of the planes, when the height is 
the same, 

B C 
Putting AB for s, and -j^ for sin. a in the expression 

*=i^sin. a.^^, we have 



or, i^AB^-- 



2 



BC 
ccAB when BC is constant. 

24. Prop. Tojlnd the relations of the time, space, and velo^ 
city when a body is projected directly tip or down an inclined 
plane. 

Putting for / its value ^sin.a, on an inclined plane, in the 
expressions of Articles ll, 10, and 13, we have 

v=u±ft becoming on the inclined plane v=u+fftsin.u 
s==ut±j^t^ ----- s:^ut±j^fft'^sin.a 
v^=u^±2fs v^=^v!^±2gssin.a 

25. Prop. To shew that the times of 
a body falling down all the chords of a 
circle, in a vertical plane, drawn from the 
highest or to the lowest point, are the same. ^ 



Let AD be the vertical diameter of the 
circle, AB a chord down which a body falls 
by the action of gravity. Draw BC hori- 
zontal. The accelerating force acting on 
the body is 




£ 
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, AC 
Putting « = -4 -B in the expression *=^/^2^ we have 

^tjD.. . .since ACiABiiABiAD 
9 

in a circle ; or the time down any chord is the same as that 

down the diameter. The same relation evidently holds also for 

all chords drawn from the circle to the point D^ as, for instance^ 

DEoiBD. 

26. Prop. Two bodies hang from the extremities of a Cord 
passing over a pulley ; to determine tlj^ motion. 

We shall first suppose that the weight of the pulley /^'Z\ 
may be neglected. 

Let P and Q be the weights of the bodies, of which 

P is the greatest ; their masses are — and — respec- Cv 

9 9 

tively. If the weights are equal, the bodies will balance, 

and no motion will ensue ; but if one is heavier than the ® 

other, it will descend and the other rise through an equal 

space. The force which produces motion is the difference of 

the weights, which, being a moving force, equals the accelerating 

force multiplied by the mass moved. 

Let/ be the accelerating force, we have 

- P-Q 
or, f=9-p:^ 

This being a constant accelerating force, we shall have the 
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circumstances of the motion by substituting its value in the 
expressions t?=/^, *=i/^^ t?^=2/j?. . 

When we take into account the inertia of the pulley, we 
must add the equivalent mass acting at the cord to the other 
masses set in motion. Let / be this inertia or mass at the cord ; 
we have 

This is" the formula for Atwood's machine, referred to in the 
Article on the third law of motion. The force being uniform, 
and capable of being modified in any manner by changing the 
relative and absolute magnitudes of the weights, we are enabled 
by this machine to prove, in the most satisfactory way, by ex- 
periment, the formulae for constant forces. 

27. Prop. When a body falls by the action of gravity down 
any arc of a smooth curve, the velocity at any point is that due to 
the vertical height fallen through. 

Let us first suppose that a body falls from 
^down a succession of smooth inclined planes 
AB, BC, CD, DE, &c., and loses no part 
of its acquired velocity in passing from one 
plane to the next. Draw Abode a vertical 
line, and Bb, Cc, Dd, Ee, &c., horizontal 
lines. 



By Article 22, the body will have at B the same velocity as 
it would have acquired in falling directly through the vertical 
height Ab; and when it has passed without loss of velocity to 
the plane BC, it will have at B and all other points the velocity 
due to the vertical height fallen through. The same takes place 
on each of the other planes, and the velocities at the points 
C, Z), E, &c. are those due to the vertical iieights Ac, Ad, Ae, 
&c. respectively. When the number of planes is indefinitely 
increased, and the length of each indefinitely diminished, they 
form a continuous curve, which, when smooth, acts only perpen- 
dicular to the arc at each point, and therefore destroys by its 
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reaction no part of the acquired velocity as the body passes 
from one point to another. Hence the Telocity at all points of 
the curve is that due to the vertical height fallen through. 

If a body be projected up or domi a curve^ the formulae of 
Article 12 hold good; if vire put t£s= velocity of projecti(m| v^ 
velocity after the body has passed through a vertical height A, 
we have 

r2=tta+2^A 

The upper sign to be taken when the body is projected down, 
and the lower one when it is projected up the curve* 

£8. Prop. When bodies fall by the action of gravity down 
any arcs of a circle in a vertical plane^ the velocities at the 
lowest point are proportional to the lengths of the chords of the 
arcs. 

Let a body fall from the point B in the figure Article 25, 
down the arc BD; the velocity at 2) is that due to the vertical 
height fallen through, CD. 

or, vel.2=2^Ci) 



=^9 



BD^ 
AD 



or, vel 



•=^^n^ 



OiBD 



When the arcs are small, the velocities are nearly propor- 
tional to the lengths of the arcs. 

29. Pro^^. To find the time of a body falling dotvn a cy- 
clddal arc in a vertical plane with its base horizontal. 



The cycloid is a curve CAD ^_ 
described by a point in the cir- ^^ 
cumference of a circle, whilst f 
the circle rolls along the line 
CjBZ), called the base of the 
cycloid. The line AB, which 



B 



. P[ 


^ / 


"^^^vli y 


\ rv ^ 


^J / 


\^ y\ H 


Id^^^"^ 
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bisects the base CD perpendicularly^ is called the aads of the 
cycloid^ and is the diameter of the rolling circle when the point 
describing the cycloid comes to its central position ji, which is 
called the vertex of the cycloid. 

If a line PpP' be drawn parallel to the base CD, and ^p be 
the chord of the circle in its central position ; it is shewn in 
mathematical treatises^ that the arcs jiP or jiJP' are equal to 
twice the chord Ap, and the tangent at P' is parallel to the 
chord Ap, 

Let the body faU from the point L to any point P; and take 
Q a point near P. Draw the lines LK, PMy QN parallel to 
the base of the cycloid, meeting the axis in K^ My iV, respec- 
tively. Describe the semicircle AnmK on AKy cutting PJlf in 
m, QN in n ; and draw the chords Am^ An, Km, Kn. Let o be 
the intersection of Kn and Am. 

The velocity at the point P = V^g.KM, and if the arc PQ 

be indefinitely small, the velocity will be constant in it. Hence 

.1 .. «j .,. ^^ space arc AP—SiTcAQ 

the tune of descnbmg PQ = f . = . ■ ^ ' — ♦ 

® velocity vWgKM 

Jit X chord of circle ApB correspg to P-^2 x chord correspg to Q 

^ 2 VAB.AM-^ \/AB.AN 
V gKM 



^ /^AB{ /AM.AK , /AN.AK\ 
"V^~\V AK.KM'^V AI&.KM] 

V Jab ( Am An) 
g \Km Km\ 

V2AB{mo\ (since ultimately no b 

~~g {Km] * ' ' ( lar arc to center A. 



(since ultimately no becomes a circu- 



X angle mKo 
9 
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The same holds for all other points between L and A; and 
the whole time of falling from L to A 

X sum of all the small angles^ as mKn, in the 

9 right angle LKA 



=a/ 



=IV 



'ZAB 



The body acquires in falling to A a, velocity which will carry 
it through an equal arc on the opposite side of Ay which it will 
describe in the same time ; or if the time of the complete oscil- 
lation from L to an equal height on the opposite side of A be t^ 
we have 

30. It is shewn in ma- 
thematical treatises, that if 
two half cycloids, CO^ 2)0, 
equal to AD or AC, be con- 
structed with their axes ver- 
tical, so that AB O is a straight 
line, and BO^AB, then the 
curve COD is the evolute of 
the cycloid CAD; or a curve 
such that a string of the 
length AO being fastened at 

and wrapping on the arcs CO or DO, the extremity P of the 
string, when drawn tight, will be always in the cycloid CAD, 
the length of the arc Oq + qP being always equal to OA. 

If a body be suspended from P by a cord wrapping and 
unwrapping on the arcs CO, OD, it will thus oscillate in a 
cycloidal arc. 

Let Z=the length of the cord OA, the time of a complete 
oscillation is, ... -^ 




This is independent of the length of the arc of the cycloid 
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described, and is consequently the same for all arcs. For tliis 
reason the cjcloidal pendulum is called isochronous, an^ from 
this property arises the importance of the pendulum in instru- 
ments for measuring time ; for small arcs near A the cord will 
not sensibly wrap upon the arcs of the evolute, and so a pen- 
dulum oscillating in small circular arcs has the property of iso- 
chronism. The clocks in astronomical observatories have their 
pendulums oscillating in very small arcs, which requires the 
mechanism of the clockwork to be very accurate, or the clock 
would be liable to stop going. 



We learn from the expression t 



=v? 



that at the same 



place on the earth's surface, or when g is constant, t oc ^/l ; 
and at different points of the earth's surface if / is invariable, 
1 



toe 



Va 



31. Prop. A body at the extremity of an elastic cord^ sup- 
posed without weighty describes a circle, with a uniform velocity, 
about a fixed point in the cord, as center ; to find the tension in 
the cord. 

Let PQAB be the circle in which the body moves, of which 
C is the center. 

If the body were suddenly freed from constraint at any point 
P, it would, by the first law of motion, ^ ^ 

continue moving in the direction it had 
at P, and with its imifonii velocity, or 
it would then move in the tangent PM, 
with that velocity. The effect of the 
tension in the cord is therefore to deflect 
the body from the tangent at each point 
in the circle, and is called a centripetal 
force. The tendency of the body to fly 
off by its inertia produces the force 
which balances this centripetal force, and is thence called the 
centrifugal force. 




If PQ be an arc described in an indefinitely small time, t^ 
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and Pit the space which would have been deicribed in the tan- 
gent, if the bodj were free, in the same time; then It and Q 
being supposed indefinitely near to P; RQ, by the second law of 
notion, becomes the space due to the action of the centripetal 
force. 

Let PCji be a diameter of the circle, v the uniform velocitf 
of the body. 

Let /= the centripetal accelerating force acting on the 
body ; we have, ultimately, 

RQ^Pm 

and PR^vt 

But in the circle, 

Qm^=PmxmA 



or, Pwi= 



mA 



PR^ 
= -p-7-> ultimately 



t?2 



or, if r = the radius of circle, 

If m be the mass of the body at P, the centrifugal moting 
force =wi/ 



r 
= the tension in the cord. 

32. Definition. A body suspended by a cord which per- 
forms revolutions in a horizontal circle is called the conical 
pendulum. 

S3. Prop. To determine the motion of a body in the conical 
pendulum. 
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Let the body be fixed at the ex- 
tremity P of the cord AP which is 
fastened at A. 

Let AC he Si vertical line, PC=r 
the radius of the circle which the 
body describes with the uniform ve- 
locity «?. 

Let I = the length of the cord 
APf and angle PAC=^a. 

Since the body is in the same 
circumstances at each point of the ^g 
circle, the forces acting upon it must balance each other. These 
forces are, the weight of the body acting downwards^ the centri- 
fugal pressure acting horizontally outwards from C, and the 
tension in the cord AP. 

Resolving horizontally and verlieally, we have 




^sm.a =0 

r 

#co».a— mjr=0 
From (S) we have €he tension in the cord t 

cos. a 
_ the weight of the body 
"" COS. a 

Eliminating t between (1) and (3), we have 

^_ ^rsin.a 

COS. a 

,sin.2« 
=igl 

COS. a 

The time of performing one revolution 

__ circumference 
"" velocity 
_ 27rr 

V 



(1) 

(2) 



„ . /lcos.» 
^ 9 
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which depends on the vertical height ACy but not on the length 
of the cord. 

34. Prop. It is required to find the position of the raib in 
the curve of a railway ^ so that the resultant pressure of a car- 
riage parsing along the curve with a given velocity may he per- 
pendicular to the line drawn from one rail to the other. 




flg.2. 



P 



Let APB represent in figure 1 the 
curve in the railway, and let the radius 
of the curve at P be PC= r. Let v = 
the velocity of the carriage. If the 
reaction of the rails perpendicular to 
the line joining them as a 6, figure S, 
supplies the place of the tension in 
the cord in the last proposition, the 
carriage will pass smoothly and safely 
along the curve; for we shall then 
have the weight of the carriage acting 
at G, the center of gravity, figure 2, and the centrifugal pressure 
acting horizontally outwards giving a resultant pressure perpen- 
dicular to the rails which will be destroyed by their reaction. 

If oL be the angle which the resultant pressure in Gp makes 
with a vertical line s= angle which ah makes with a horizontal 
line, we have, from the last proposition, 

«?2=^r tan.a 



2 



or, tan.a=: — 

which gives the inclination of the line a 6 to the horizon as re- 
quired. 



EXAMPLES ON CHAPTER V. 



• Ex. 1. Two balls fall at the same instant from the common 

vertex down two inclined planes which meet the horizontal 

plane on which they rest at angles of 30° and 60° ; shew that 
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the times of falling to the horizontal plane are in the ratio 

Ex. 2. To divide the length of a given inclined plane into 
three parts, so that the times of descent down them may be 
equal. 

If the length of the plane be divided into nine equal parts, 
the body will descend down one in the first interv^ of time, 
down four in two intervals, and down the whole nine in the three 
equal intervals* 

Ex. 3. P descending vertically draws Q up an inclined 
plane by means of a string passing over a pulley at the vertex ; 
find the velocity acquired by P in describing a given space A. 

Let P and Q be the weights of the bodies respectively, a the 

inclination of the plane to the horizon, h the space which P 

describes. 

the moving force =P— Q sin. a 

the mass moved neglecting the pulley = 

, 1 .' n P—Q sin. a 

.•. the accelerating iorce=5r. — WT~d — 

and from the general formula v^=^2fs we find 



the velocity required =a/2^ A 



P— Q sin. a 
P+Q 



Ex. 4. Twelve pounds weight is so distributed at the ex- 
tremities of a cord passing over a pulley, that the more loaded 
end descends through seven feet in seven seconds. What is the 
weight at each end of the cord ? 

We find ^=6(1 + 11^)' ^°^ ®"^^^""TT^) P°^^^^* 

Ex. 5. If three pendulums suspended in the same vertical 
plane have their lengths as the numbers 1, 4, and 9; shew that, 

M 
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when they commence oscillating together, the fiist and second 
will be together again after four oscillations of the first ; the 
first and third will be together again after three oscillations of 
the first ; and the whole will be together again after twelve oscil- 
lations of the first* 

Ex. 6. The length of the penduliun which beats seconds in 
London being S9'138 inches, shew that the force of gravity is 
represented by 32*19 feet nearly. 

Ex. 7. . If a body be projected obliquely upon an inclined 
plane, shew that its path is an arc of a parabola. 



THE END. 
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